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Abstract Some of basic properties of the groups of automorphisms of 
algebraically closed fields and of their smooth representations are studied. 
In characteristic zero, Grothendieck motives modulo numerical equivalence 
are identified with a full subcategory in the category of graded smooth rep- 
resentations of certain automorphism groups of algebraically closed fields. 
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1 Introduction 



Let k be an algebraically closed field of characteristic zero. (This will be 
the case through out the paper, except Appendix iBl where all results of 33 
are extended to positive characteristic.) Let F be an algebraically closed 
extension of k of transcendence degree n, 1 < n < oo, and let G = Gp/k be 
the group of automorphisms over k of the field F. Let the set of subgroups 
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Uk( x ) '■= Aut(F/k(x)) for all x € F be a base of neighbourhoods of the 
identity in G. 

This paper arose from an attempt to (i) compare properties of various 
"geometric" categories with properties of various categories of smooth (i.e., 
with open stabilizers) representations of G, and (ii) to find analogues for 
the group G of familiar results of representation theory of p-adic groups. 

The group G is very big, in particular, it contains the groups Aut(L/k) as 
its sub-quotients for all sub-extensions k C L C F. All reduced irreducible 
algebraic groups of dimension < n, the group PGL n _|_ifc, some adelic groups 
are subgroups of groups of type Aut(X/fc). 

One of the main results of the paper (Theorem ^. 9f> is the simplicity (in 
topological sense) of the group G in the case n = oo, and of the subgroup 
G° of G generated by its compact subgroups in general. This is also true in 
positive characteristic, and implies ( Corollary 12. that in the case n = oo 
any non-trivial continuous representation of G is faithful; and in the case 
n < oo any non-faithful continuous representation of G factors through a 
discrete quotient G/G° of G. Another consequence is that G° (and G if 
n — oo) admits no smooth representations of finite degree. 

Unfortunately, I do not know much about the group G/G°, and this is 
one of the reasons why I prefer to work in the "stable" case n — oo. 

There is an evident link between representations of G and some geo- 
metric objects. Namely, for a scheme X over k there is a natural smooth 
G-action on the group of cycles on Xp := X x j, F. Conversely, any smooth 
cyclic G-module is a quotient of the G-module of "generic" 0-cycles on Xp 
for an appropriate irreducible variety X of dimension < n over k. The Hecke 
algebras, playing an important role in representation theory of locally com- 
pact groups, become in our case algebras of non-degenerate correspondences 
on certain varieties over k, cf. fJ3 pED 

In some cases one can identify the groups of morphisms between geomet- 
ric objects with the groups of morphisms between corresponding G-modules 
(cf. Propositions 13. 61 and 14.31 and Corollary 13. 7(1 . 

(Homological) Grothendieck motives are pairs (X, n) consisting of a 
smooth projective variety X over k with irreducible components Xj and a 
projector it = tt 2 e @ . A dlm Xj (Xj x^Xj) in the algebra of correspondences 
on X modulo an adequate equivalence relation. The morphisms are defined 
byHom((A',7r'),(A,^)) = 0^- ^ ■A dimX *(X 7 - x^!)V 4 . The category of 
Grothendieck motives carries an additive and a tensor structures: 

(X'y)Q(X,*) := (X']Jxy®n), 

(X 1 , tt') ® (X, 7r) := (X' x k xy XfeTr). 

A primitive q-motive is a pair (X, tt) as above with dim X = q and 7r • 
A q (X Xfc Y x P 1 ) = for any smooth projective variety Y over k with 
dimy < q. For instance, the category of the primitive 1-motives modulo 
numerical equivalence is equivalent to the category of abelian varieties over 
k with morphisms tensored with Q. If the adequate equivalence relation is 
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numerical equivalence, it follows from a result of Jannsen j.Ianj that any 
Grothendieck motive is semi-simple and admits "primitive" decomposition 
0^. Mij ® L® 4 , where Mij is a primitive j-motive and L = (P^P 1 x {0}) 
(see Remark on pITTl). 

The major part of the results of Section[3]can be summarized as follows. 



Theorem 1.1. 1. If n = oo there is a fully faithful functor B* : 

motives over k modulo 1 b* J graded semi-simple admissible 1 
numerical equivalence J [ G-modules of finite type J ' 

The grading corresponds to powers of the motive L in the "primitive" 
decomposition above. 
2. For any 1 < n < oo and each q > there is a functor 03 9 , fully faithful 
if q < n: 



( . ... ,. , ~i f semi-simple admissible 

I primitive o-motives over k \ <B q } ^, r n ., 

< , , . , . . > — > { G-modules of finite type 

modulo numerical equivalence 1 in, 

v ' I and of level q 



( One says that a semi-simple admissible G-module W is of level q if 
N q W = W and N q ^\W — for the filtration N m defined in the beginning 

3. If n < oo then the G-module carries a bilinear symmetric non- 

degenerate G-equivariant form with values in an oriented G-module Q(x) 
of degree 1, where M = (X, Ayx)) * s the maximal primitive n-submotive 
of the motive {X, Ax) and dimX = n. 

This form is definite if, for (n — \)-cycles on 2n- dimensional complex 
varieties, numerical equivalence coincides with homological (e.g., forn < 
2), and therefore, 03™ factors through the subcategory of "polarizable" G- 
modules (i.e., carrying a positive form as above). 

This is a direct consequence of Corollary O and Propositions EB EH 
EHT1 Roughly speaking, the functors <8? and B* = e^adcd-^] arg defincd 
as spaces of 0-cyclcs defined over F modulo "numerical equivalence over k" . 
Details are in ij3.2l p I26I where it is shown that they are pro-representablc. 
It follows from Proposition 13 . 1 71 that 23 9 ((X, tt)) depends only on the bira- 
tional class of X. Moreover, the functor 25 1 of Theorem II. llf^ is an equiv- 
alence of categories when n = oo, cf. M6. 21 and by Corollary 14.41 the com- 
position of the functor 05 1 with the forgetful functor to the category of 
G°-modules is also fully faithful. 

Conjecture 1.2. The functor B* is an equivalence of categories. Equivalently, 
for any q > the functor 03 9 is an equivalence of categories if n = oo. 

The section is concluded by showing (Corollary 13. 24[) that any polariz- 
able representation (in the sense of Theorem ll.ll|oT) ) is infinite-dimensional. 
This is deduced from a vanishing result fCorollarv l3.23|) for representations 
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of the Hecke algebra of the subgroup Gal(F / L(x)) , induced by polarizable 
representations of G (here L is a subextension of k in F of finite type and 
x an element of F transcendental over L with F = L(x)) corresponding to 
the triviality of the primitive n-submotives of (Y x P , ir), where dim Y < n. 

Corollarv l3 .231 suggests also that the category of the primitive n- motives 
is not too far from the category of the polarizable G-modules (at least, if 
n < 2). However, as the twists of the polarizables by order- two characters 
of G are again polarizable, but not "motivic" (cf. Corollarv l4.5f) . one should 
impose some additional conditions. One of such conditions could be the 
"stability" in the sense that for any algebraically closed extension F' of 
F any "motivic" representation is isomorphic to W F ' ' F for some smooth 
Gpi / fc -module W; another one could be the "arithmeticity" in the sense that 
any "motivic" representation admits an extension W by a module of lower 
level (in the sense of filtration N,) with W isomorphic to the restriction to 
G C Gp/k' of a smooth Gi?/fc'-module for a subfield k! C k of finite type 
over Q... 

By analogy with the Langlands correspondences, one can call the G- 
modules in the image of 23™ cuspidal. For the groups GL over a local non- 
archimedian field there are several equivalent definitions of quasicuspidal 
representations. One of them: all matrix coefficients (the functions (aw, w), 
cf. p I34|> are compactly supported modulo the center. However, it is shown in 
JOfrhat there are no such representations for any subgroup of G containing 
G°. This is a consequence of the irreducibility of the smooth G-modules F/k 
and F x /k K , considered as modules over the subgroup G° of G, and their 
faithfulness as modules over the algebra of compactly supported measures 
on G shown in H4.ll 

In H5.ll in the case n = oo, various analogues of Hilbert Theorem 90 
are verified. In particular, it is shown in Proposition [^31 that any G-torsor 
under A(F) is trivial for any algebraic group A over k. There exist, however, 
interesting examples of torsors in the case n < oo. 

If n — oo and A is an irreducible commutative algebraic group over fc, 
we show in Corollary I5~2l that Ext^ mG (A(F)/A(k), Q) = Hom(.A(fc), Q), 
where Smc is the category of smooth G-modules. If A is an abelian variety 
then A{F)/A{k) = ^B 1 (A V ) (here A v := Pic°A is the dual abelian variety), 
so this should correspond to the identity Eixt\ 4Mk (Q(0), Hi(A)) = A(k)q 
in the category of mixed motives over k. If A = G m then the identity 
Ext\ l7V1fc (Q(0),Q(l)) = fc x (g)Q suggests that the non-admissible G-module 
F x /k x admits a motivic interpretation analogous to Q(l). 

The purpose of ^S] is to introduce an abelian category Tq of "homotopy 
invariant" representations having some properties of the Chow groups. If 
n = oo then it contains all admissible G-modules (Proposition [f^J , it is 
a Serre subcategory in Sma (Proposition 16. loT) . and it is closed under the 
inner Tlom functor on Stuq (Proposition 16 . 2HJ> . There are no smooth pro- 
jective representations of G, if n = oo (cf. Remark on p I41|) . However, it is 

shown in Corollarv lG.lll that Tq has enough projective objects. Namely, the 

x 

inclusion functor Xq — > Sttlq admits the left adjoint Sitiq — > Iq, and 
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to any subextension L of finite type one associates the projective object 
Cl '■= IQ[G/Gf/l] °f Zg- For any smooth proper model X of L/k there 
is a natural surjection Cl — ► CHq(X Xj. F)q. One can expect (Conjec- 
ture [f^RjJ) that this is an isomorphism if n = oo. If tr.deg(£/fe) = 1 this is 
Corollary EH1 

At the end of d I50I a functorial decreasing filtration T* on objects of 
Xq is introduced. It is likely that in the case of G-modules of type CHq(Xf)q 
for smooth proper X over k it is the motivic filtration. This agrees with 
CorollaryE21 C k{X ) = Q © AlbX(F) Q ffi J*C k ( X )- 

If n = oo then Conjecture 16.161 the semi-simplicity conjecture and 
Bloch-Beilinson filtration conjecture would imply (i) Conjecture 11.21 (ii) 
that any irreducible object of Xq is admissible, and (iii) that the G-modules 
gr^W are semi-simple for any object W o(Xq (the latter is Coniecture l6.9[l . 
Indeed, for some collection of subfields L C F of finite type and of tran- 
scendence degree j over k there is a surjective morphism (BlQ[G/G f / l ] — — > 
gr^W, which factors through ©Lgrj^Ci, cf. Proposition ^. 81 If for a smooth 
proper model Yj^j of L/k one has Cl = CH Q (Y[ L ] x k F)q then grfCL = 
CW[L ®k F)q, so ^ factors through ®lCW{L ®% F)q. One can deduce 
from the semi-simplicity conjecture and the filtration conjecture (cf. [B] 
§1.4, or [E| Prop.1.1.1) 1 that CW{L® k F)q coincides with «8 J (M), where 
M is the maximal primitive j-submotive of the motive {Y[l] , Ay, L] ) • Finally, 
by semi-simplicity, there are projectors ttl and an isomorphism 

® L W((Y lL] ,ir L ))^grfW. 

This shows (iii), and taking irreducible W (which coincides with gr^W for 
some j) we get also (i) and (ii). 

It is also conjectured 2 that the level filtration N, is strictly compatible 
with the morphisms in Xq (cf. Corollarv l6.10(l . so that, in particular, exten- 
sions of G-modules in Xq of lower level by irreducible G-modules in Xq of 
higher level are (canonically) split. Obviously, this is motivated by Hodge 
theory, and one would like to find a category bigger than Xq and modify 
the filtration to keep this property. 

However, if we want to consider G-modules like F x /k x , the notion of 
weight should be more subtle. Usually, for a pair Wi,Ws of irreducible 
objects, W\ is of higher weight if Ext^Wi,!^) ^ 0, so this would give 
weight(Q) <weight(F x //c x ) <weight(^(F)/^(fc)), cf. for any abelian 
variety A over k, which is not good if A(F)/A(k) corresponds to Hi(A). 

If n = oo, the category Xq carries a tensor structure compatible with 
the inner Tlom, but its associativity depends on Conjecture 16.161 

If n < oo then the category of smooth G-modules has sufficiently many 
projective objects. Namely, any smooth G-module is a quotient of a direct 

1 where it is shown that under above assumptions the localization surjection 
CH*(Y[ L j Xfc Y[l'\) — ► CH*(L®k L')q kills the numerically trivial cycles. 

2 and deduced from Conjecture 16.91 
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sum of Q[G/Uj] for some open compact subgroups Uj of G. However, the G- 
modules Q[G/U] seem to be very complicated. The last section contains two 
examples of pairs of essentially different open compact subgroups U\ and 
U2 of G with the same irreducible subquotients of Q[G/Ui] and Q[G?/Z7a]. 
As in both examples the primitive motives of maximal level of models of 
F Ul and F U2 are trivial, one could expect that collections of irreducible 
subquotients of Q[G/U] are of motivic nature. 

In Appendix El on e shows that the centers of the Hecke algebras of the 
pairs (G,U) and (G°,U) (see HI. II for the definition) consist of scalars for 
any compact subgroup U in G. Compared to the analogous question for 
p-adic groups, this is a negative result. 

1.1 Notations, conventions and terminology 

For a field F and a collection of its subrings Fq, (F a ) a& i we denote by 
^{F,{F a ) a ei}/Fo t ne group of automorphisms of the field F over Fq pre- 
serving all F a , and set Gp/F '■= G{f}/f - If K is a subfield of F then K 
denotes its algebraic closure in F, tr.deg(F/K) the transcendence degree of 
the extension F/K (possibly infinite, but countable), and Uk denotes the 
group G F j K . Throughout the paper k is an algebraically closed field, F its 
algebraically closed extension with tr.deg(F/fc) = n > 1 and G — Gp/^. 
Everywhere, except the appendix, k is of characteristic zero. 

For a totally disconnected topological group H we denote by H° its 
subgroup generated by the compact subgroups. Obviously, H° is a normal 
subgroup in H, which is open at least if H is locally compact. 

In what follows, Q is the field of rational numbers, and a module is 
always a Q- vector space. For an abelian group A set Aq = A <£> Q. 

A representation of H in a vector space W over a field is called smooth, if 
stabilizers of all vectors in W are open. A smooth representation W is called 
admissible if fixed vectors of each open subgroup form a finite-dimensional 
subspace in W . A representation of H in W is called continuous, if stabilizers 
of all vectors in W are closed. Any cyclic G-module is a quotient of the 
continuous G-module Q[G], so any G-module is a quotient of a continuous 
G-module. 

Q(x) is the quotient of the free abelian group generated by the set of 
compact open subgroups in G° by the relations [[/] = [[/ : U'] ■ [U'\ for 
all U' C U. If n < 00 it is a one-dimensional Q-vector space oriented by 
[U] > for any U. The group G acts on it by conjugation. \ '■ G — > is 
the modulus. 

T> E (H) := lim E[H/U] and H := lim H/U, where, for a field E of 

< — u < — u 

characteristic zero, the inverse systems are formed with respect to the pro- 
jections E[H/V] ^ E[H/U] and H/V ^ H/U induced by inclusions 
V C U of open subgroups in H. H is a semigroup. For any v G T)e(H), any 
cr G H and an open subgroup U we set 

v{oU) :— coefficient of [aU] of the image of v in E[H/U]. 
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The support of v is the minimal closed subset S in H such that v(aU) = 
if all f]S — 0. Define a pairing De(H) x W — ► W for each smooth 
-©-representation W of H by (z/, u>) i — > So-eff/y 1 cru; : where V is 

an arbitrary open subgroup in the stabilizer of it). When = E[H/U] 
this pairing is compatible with the projections ryu, so we get a pairing 
T>e(H) x lim _E[if/t/] — > \imE[H/U] = T> E (H), and thus an associative 

multiplication Ds(iT) x T>e(H) — T)e(H) extending the convolution of 
compactly supported measures. Set T>e — T>e(G) and T) E = D_e(G°). 

If U is a compact subgroup in H the Hecke algebra of the pair (H, U) is 
the subalgebra TCe(H, U) := hjj * Db(JJ) * ftjy in De{H) of J7-bi-invariant 
measures. Here /ly is the Haar measure on U defined by the system (hjj)v = 
[U : Uf]V]- l ^2 aeU/ur{ v [crV] € Q[H/V] for all open subgroups V C H. 
hjj is the identity in TCe(H, U) and hjjhui = hjj for a closed subgroup [/' C 
U. Set = H E {G, U), H(U) = H Q (G, U) and H° E {U) = H E (G°, U). 

For any variety X over k and any field extension E/k we set := 
X Xk E, and denote by X one of its desingularizations. For an extension 
L/k of finite type, Yj^j = Yiy^ denotes a smooth proper model of L/k. 

P|f denotes the M-dimensional projective space over a field K. 

For a commutative group scheme A over fc we set Wa = A(F)/A(k). 

Sitlh(E) is the category of smooth ©-representations of H. Xq(E) is 
the full subcategory in Smc{E) consisting of those representations W of G 
for which W Gp ' L = W Gp / L ' for any extension L of k in F and any purely 
transcendental extension L' of L in F. When discussing Tg{E), the principal 
case will be n = oo. We set Smn = SmniQ) and Iq = Xg(Q). The Jevei 
filtration iV. is defined in the beginning of ij6.ll 



2 Preliminaries on closed subgroups in G 

The topology on G described in Introduction has been studied in |Jac| . 
p. 151, Exercise 5, inULTHJ, [HEj Ch.6, §6.3, and |lj Ch.2, Part 1, Section 
1. It is shown that G is Hausdorff, locally compact if n < oo, and totally 
disconnected; the subgroups G{F,(F Q ) Qe/ }/fc are closed in G, there is an in- 
jective morphism of unitary semigroups 

{subfields in F over k} — ► {closed subgroups in G} 

given by K i — > Ant(F/K), its image is stable under passages to sub-/sup- 
groups with compact quotients, and it induces bijections 

— {subfields K C F over k with F — K} «-* {compact subgroups of G}; 
J subfields K of F of finite type 1 J compact open 1 
[ over k with F — K J 1 subgroups of G \ ' 
The inverse correspondences are given by G D H i — > F ff (the sub-field 
in © fixed by H). 

The first is |111H-111| . §3, Lemma 1. or |Sh| Prop. 6. 11; the second is imme- 
diate from loc.cit., or |Shj Prop. 6. 12. 
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Lemma 2.1. If L C F containing k is the intersection of a collection {L a } a 
of its algebraic extensions then the subgroup in G generated by all Ul is 
dense in Ul- 

Proof. Clearly, Ul contains the subgroup in G generated by all Ul , and 
^f/T i s a normal subgroup in each of U l q and in Ul ■ Set U L a =Ul € ,I Gf/l, 
and similarly U l = Ul/G f ^. These are compact subgroups in Gj^, k . Then, 
under the above Galois correspondence, the closure of the subgroup in G-^j k 

generated by all U L a corresponds to the subfield L^ Lq ' = f] L a = L, 
i.e., to the same subfield as Ul, which means that (U L a I a) is dense in Ul, 
and therefore, (Ul | ct) is dense in Ul- □ 

Lemma 2.2. Let L C F be such an extension of k that any subextension 
of transcendence degree < 2 is of finite type over k. Then the common 
normalizer in G of all normal closed subgroups of index < 3 in Ul coincides 
with Ul- 

Proof. Any element r in the common normalizer in G of all closed subgroups 
of index < 2 in U L satisfies t(L(/ 1 / 2 )) = L(f^ 2 ) for all / e L x . If r g U L 
then there is an element x € L x such that tx/x 7^ 1. Then tx/x = y 2 for 
some y S F x — {±1}. Set / = x + A for a variable A g fc. By Kummer theory, 

rf/f S L x2 , and therefore, L contains L := k ( V ^j^^tjt \ A S kj C 

As tr.deg(fc(x, j/)/fc) < 2, by our assumption on L, the subfield Lq of L 
should be finitely generated over fc. But this is possible only if y 2 = 1, i.e., 
if r e Ul- (To see this, one can choose a smooth model of the extension 
Lo(x)/k(x,y) over fc and look at its branch locus.) □ 

Corollary 2.3. For any (eG - {1} and any open subgroup U C G there 
exists an element a € U such that [a, £] £ U — {1}. 

Proof. Let L be such a subfield of F finitely generated over fc that Ul C Z7 '. 

Set L' = Then C" 1 ^ "" 1 )!^ = id for an Y CT € U L>- By Lemma 

12.21 the ccntralizcr in G of J7l' is trivial. (Let {L a } be the set of all finitely 
generated extensions of L' . Then |J L a = F. Any element t e G central- 
izing Ul' normalizes all subgroups in all J7l q , and thus, by Lemma 12.21 
t 6 H Q UL a — {!}■) In particular, as £ does not centralize Ul 1 , there is 
cr e U L > with C" 1 ^" 1 S C/ L - {1}- □ 

Lemma 2.4. Let H =/= {1} 6e a normal closed subgroup in G° such that 
H f]U =/= {1} for a compact subgroup U. Then H contains Uk'( x ) for any 
algebraically closed extension fc' of fc in F such that fc' = k' |~| F 17 and 
tr.deg(F/fc') = 1, and /or some x G F — fc'. 

Proof. Let ct € if |~) Z7 — {1} and fc' be the algebraic closure in F of any 
subfield in F^ with tr.deg(F/fc') = 1. As the extension F/F^' is abelian 
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there is an element x G F — k! and an integer N > 2 such that ax ^ x and 
ax N = x N . Then one has a(k'(x)) — k'(x). 

Let L be a finite Galois extension of k'(x). Its smooth proper model over 
kl is unramified outside a finite set S of points on a smooth proper model of 
k'(x) over k' . Then there is an element c?l G Aut(fc'(a;)/fc') such that the set 
Tt£ aS^S) does not intersect S, and therefore, for an extension aj, G G° F / k r 

of a<L to F, a smooth proper model over k' of the field L (~) aJ^aaL^L) is 
unramified over the model of k'(x), so L^ctf} actLiF) = k'(x). 

Let /3 G G a F , k , be given on fc'(x) by at, and somehow extended to the 
field a^ 1 (7az / (L). Then o er -1 o /3o a 7/ ocro a/, is the identity on k'(x), 
and therefore, induces an automorphism of L. Since L and a~f^aa.L{F) are 
Galois extensions of L f~) o^era^L) = k'(x), for any given automorphism 
r of L over fc'(:r) there is an extension of /3 to F such that for its restriction 
to L the composition o er -1 o/Jo a^ 1 ofjoa^ coincides with r. This 
means that the natural projection H f] Uyi x ) — > Gal(L / k' (x)) is surjective 
for any Galois extension L of k'(x), i.e., that H n^fc'(x) is dense in U k i^ x y 
As H p| Uk'(x) is closed, we have 3 Uk<( x )- □ 

Lemma 2.5. // n = 1 then there are no proper normal open subgroups in 
G°. 

Proof. Let H be a normal open subgroup in G° . Then for some subfield L C 
F finitely generated over k one has Ul Q H . For any purely transcendental 
extension L' C F of fc with L' = F one also has £/j,£< C i/, as well as 

A smooth proper model over k of the extension LL' / L 1 is ramified only 
over a divisor on the model ¥\ of L 1 over A:, but the group Nc°Ul> /Ul> — 
PGL 2 fc does not preserve this divisor, so the intersection C\creN G oU L , &{LL') 
is unramified over L', i.e., the field C\ a eN G oU L , a {LL') coincides with L' . 
By Lemma 12.11 this shows that H D lly for any purely transcendental 
extension L' C F of with L' = F, and therefore, H contains all compact 
subgroups in G, so finally, H D G° . □ 

Lemma 2.6. Let H be a closed subgroup of G° . Assume that for any al- 
gebraically closed extension k! of k in F with tr.deg(i 7 '/fc') = 1 and any 
x G F — k' the subgroup H contains U^i^ x y Then H = G° . 

Proof. Any element a of a compact subgroup in G° can be presented as the 
limit of a compatible collection (ctl) of embeddings ol of finitely generated 
extensions L of k in F into F. Replacing L with the compositum of the 
images of L under powers of a, we may suppose that L is cr-invariant. 

For a finitely generated fc-algebra R with the fraction field L^ a \ let X 
be the affine variety over k with the coordinate ring R[t,at,a 2 t, ...} C L 
for some t G L such that L = L {ry) (t). Let Y := Spec(i?) C Af . 

By induction on dimX we show that there is a fibration of a Zariski 
open (er)-invariant subset of X by (<r)-invariant irreducible curves. Namely, 
if dimX = 1 there is nothing to prove. If dimX > 1 then, by Thcorcme 6.3 
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4) of |,Iou| . 3 pull-backs of sufficiently general hyperplanes in under the 
composition X — > Y are irreducible, and thus, there is a fibration 

of a Zariski open (a) -invariant subset U of X by (er)-invariant irreducible 
divisors with the base S. By induction assumption, there is a fibration of a 
Zariski open (er)-invariant subset of U x g k(S) by (<r)-invariant irreducible 
curves over k(S), i.e., there is a fibration of a Zariski open (a)-invariant 
subset U' of X by (a) -invariant irreducible curves over k. 

Then the function field k" of the base is a subfield in algebraically 
closed in L and containing k. Let x G — k" , and let k' be a maximal al- 
gebraically closed subfield in F containing k" but not x. Then u\l coincides 
with restriction to L of an element of Uf.'t x y This shows that a belongs to 
the closure of the union of Uk>( x ) over &H k' and all x G F — k'. □ 

Lemma 2.7. If £ is a non-trivial element of G and 2m < n then there 
exist elements w%, . . . , w m G F such that wi, . . . , w rn , £w%, . . . , £w m are al- 
gebraically independent over k. 

Proof. We proceed by induction on to, the case to = being trivial. We wish 
to find w rn G F such that w and £u> m are algebraically independent over k! 
generated over k by w%, . . . ,w m -x,£wi, . . . ,£w m -i. Suppose that there is 
no such w m . Then for any u G F — k' and any v G F — k'{^u) one has the 
following vanishings in Opi k ,: duAd^u — dvAd^v — 0, rf(u+tj)Ad((ii + !;) = 

0, and d(u + v 2 ) A d£(u + v 2 ) — 0. Applying the first two to the third, we 
get 2(v — t;v)dv A d£u = 0, which means that £u = v for any v G F — k'(£u), 

1. e., £ = 1. This contradiction shows that there exists desired w m G F. □ 

Lemma 2.8. Let L be a subfield of F with tr.deg(F/L) = 00. Then G° F , L 
is dense in Gp/L- 

Proof. Fix a transcendence basis X\, x-x, ^3, • ■ ■ of F over L. We wish to show 
that for each a G G*f/L: an Y integer to > 1 and any Ui,...,y m G F there 
is a triplet (r 1; t 2 , r 3 ) of elements of some compact subgroups in Gw^ such 
that T-sT2T\oy s — y s for all 1 < s < to. As . . . , y m are algebraic over 
fco := . . . , xm) for some integer M > to, it is enough to show that for 

each a G Gp/L and any integer M > 1 there is a pair (n, T2) of elements of 
some compact subgroups in Gp/i, such that T2Ticra; s = x s for all 1 < s < M. 

Let fci := fcocr(fco)7 z j G F~kj and fc J+ i := kj(zj) for all 1 < j < M. Let 
Ticrxj = Zj and TiZj = cra;j for all 1 < j < M and ri is somehow extended 
to an element of a compact subgroup in Gp/L. Let T2Xj = Zj and TiZj — Xj 
for all 1 < j < M and T2 is somehow extended to an element of a compact 
subgroup in Gp/p.. Then (riT\)oXj — Xj. □ 

Theorem 2.9. If n < 00 </ien any non-trivial subgroup in G normalized by 
G° is dense in G° . If n = go then any non-trivial normal subgroup in G is 
dense. 

For any irreducible scheme X of finite type over k and a morphism X — > 
to an affine space with dim/(X) > 2 the preimages of almost all hyperplanes in 
Ak are irreducible. 
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Proof. Let H be a non-trivial closed subgroup in G normalized by G°. By 
Corollary 12. 31 H intersects non-trivially any open compact subgroup in G° 
if n < oo. Then, by Lemma 12.41 the group H f]G F i k , is an open normal 
subgroup in G F , k , for any algebraically closed extension k! of k in F with 
tr.deg(F/A;') = 1, and thus, by Lemma ESI Hf]G° F/k , = G° F/k ,. Then 
Lemma \2 . 61 implies that H D G° . 

In the case n = oo and H is normal, we fix a pair of transcendence basis 
x\, X2, X3, ■ ■ ■ and yi, y%, 7/3, . . . of F over k and show that for each m there 
is an element a € H such that axj = yj for all 1 < j < m. Fix a non-trivial 
element £ € H. Choose some elements Z\, . . . , z m algebraically independent 
over k{x\, . . . , x m ,yi, . . . ,y m ). By Lemma \2. 71 there exist wi, . . . , w m € F 
such that u>i, . . . , w m , £,w\, . . . , £w m are algebraically independent over k. 
Then there exist elements t±,T2 € G such that T\Xj = Wj, T\Zj = t;Wj and 
T 2yj = Wj, T2Zj = £wj for all 1 < j < m. Then <r := T 2 _1 o^ 1 oT20Tf 1 o^ori 
sends to yj for all 1 < j < m. 

This implies that there is a compact subgroup U intersecting H non- 
trivially, so by Lemma \'2. 41 H contains Uyt x \ for some algebraically closed 
extension k' of k in F with tr.deg(F/fc') = 1, and for some x S F — fc' . By 
Lemma f2. 51 this implies that if contains G° F , k ,. 

The algebraically closed extensions k' of fc in F with tr.deg(F/fc') = 1 
form a single G-orbit, so one can apply Lemma [2.61 which gives H D G° . 
Finally, it follows from Lemma \2. 81 that H — G. □ 

Corollary 2.10. ^4n?/ smooth representation of G° of finite degree is trivial. 

(Proof. This is clear, since there are no proper open normal subgroups 
in G°.) □ 

Corollary 2.11. For any subgroup H of G containing G° and any contin- 
uous homomorphism tt from H either tt is injective, or the restriction of w 
to G° is trivial. 

Proof. If tt is not injective then, by Corollarv l2.3l its kernel has a non-trivial 
intersection with G°. Then, by Theorem 12.91 the kernel of tt contains G° . 

a 

Lemma 2.12. Let d > be an integer, F\ and F2 be algebraically closed 
subfields of F such that F± f] F2 = k and tr.deg(F/F2) > d. Then for any 
subfield L in F with tr.deg(F/fe) = d there is £ £ H :— (Gp/p 1} Gp/p 2 ) such 
that tr.deg(£(L)F 2 /F 2 ) = d. 

Proof. We proceed by induction on d, the case d = being trivial. If d > fix 
a subfield L\ C L with tr.deg(Fi/fe) = d— 1 and some t £ L transcendental 
over L\. 

Replacing F\ with the algebraic closure in F of the subfield generated 
over Fi by a transcendence basis of F over F1F2 (thus, making H smaller), 
we may assume that F is algebraic over F1F2. In particular, there exists a 
subfield K C Ft over k with tr.deg(F/fc) = d and tr.deg(FF 2 /F 2 ) = d. 
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By the induction assumption, there exists an element r £ H such that 
tr.deg(T(ii)i 2 /F 2 ) = d — 1, i.e., we may suppose that tr.deg(LiF 2 /F 2 ) = 
d — 1. Moreover, we may suppose that L\ = fc(ti, . . . , i<j-i) is purely tran- 
scendental over k and L = 

The subgroup Gp/p 2 acts transitively on the set of purely transcenden- 
tal extensions of F2 of a given transcendence degree, so for any collection 
X\,... ,Xd-i of elements of F\ algebraically independent over F2 there is 
a £ Gp/p 2 such that atj = Xj. 

If t ^ L1F2 then induction is completed, so we assume that t is algebraic 
over L1F2, i.e., there is an irreducible polynomial P £ F% [Xx, . . . , XJ\ — 
h[Xi, ...,X d ] with P(tx, ...,td)=0, where t d := t. 

Consider the irreducible hypersurface 

W = {(&,..., y d ) I P(yi, . . . ,yd) = 0} ^ Ap 2 ► AJ? 

and the projection VT -^-> A^T 1 to the first d — 1 coordinates. Suppose 
that for any er as above one has at £ -Fx- Then for any generic point 
(xi, . . . ,x d -i) £ A^T 1 as above the points of the fiber of the projection 
7r over (xi, . . . ,Xd—i) are defined over i\. This means that W is defined 
over F\, and therefore, over Fx {~\F 2 = k, contradicting tr.deg(L/fc) = d. 

Therefore, there is a £ Gp/F 2 sucn that a(Li) C Fx and at £ Fx, so in 
the rest of the proof we assume that Lx C Fx and t ^ Fx- 

The Gp/p 1 -orbit of t coincides with F — Fx. As the intersection 

(F - Fx) P| (F - Tx~F~2) = F- (Fx\JLx^) 

is non-empty, there is an element £ in Gp/p 1 such that £t S i 1 — L1F2, so 
finally, tr.deg^L)^/^) = d. □ 

Corollary 2.13. In notations of Lemma \2.1"A for any a £ G there is r £ if 
smc/i i/ia£ cr|i = r|i. 

Proof. According to Lemma \'2. 121 there exist elements € if such that 

tr.deg(£'(L)F 2 /F 2 ) = tr.deg(^(L)i 1 2 /F 2 ) = tr.deg(i/fc). 

Evidently, there is A £ Gp/p 2 C if inducing an isomorphism £'(L) — > 
£a(L) such that ct| l = £ _1 o Ao£'| L . □ 

Proposition 2.14. Let ii and i 2 &e subextensions of k in F such that 
Lif)i2 * s algebraic over Lip|i 2 and tr.deg(F/L 2 ) = 00. TTien £fte sub- 
group in G generated by Gp/^ and Gp/^ 2 is dense in Gpij J1 n j l2 . 

Proof. The inclusion (Gf/l 1 ,Gf/l?) 5= Gf/l 1 [)l 2 ^ evident. In Corollary 
I2.13l we may replace k with Lx f] L 2 to get that the subgroup in G generated 

b y g f/lt and g f/— 2 is dense in G F/rrn tz- 

It remains to show that the compact group (Gp/L 1 , Gp/L 2 ) /G F ,j^-^ 
coincides with Gal(Li f] i 2 /ii f] i 2 ). But this is the Galois theory: 

/ ^ \ (Gf/l 1 ,G f / l 2 ) 
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Lemma 2.15. If n < oo and F =^ k' , for a subfield kl over k in F, then 
G = G F / k i ■ G° . 

Proof. We may suppose that k 1 is algebraically closed and maximal in F — 
{x} for some x € F — k. Fix a transcendence basis x\ 1 . . . , x n -\ of kl over 
k. We have to show that for each a 6 G there is such an element t e G° 
that <ttx s = x s for all 1 < s < n. 

Set = x. Let < j < n be the maximal integer with the property that 
there is an element r S G° such that err £ Gjjm, where fc" = fe(a;i, . . . , arj). 
For such r set ar — a' . Suppose that < j < n — 1. Then, by Lemma f2. 71 
there exists w *E F — k" such that w and cr'w are algebraically independent 
over k" . There are integers s,s' > j such that w is transcendental over 
k"(x s ) and (t'w is transcendental over k"(x s r). 

Then there are elements Ti,T2,T3,T4 of some compact subgroups of 
Gp/k" such that T\Xj + \ = x s , t-ix s = w, T^{cf'w) — x s i, t^x s : = Xj + \. 
Then the automorphism t^t^u 't?,t\ = cttq, where To e G°, acts trivially on 
k"(xj+i), contradicting our assumptions. This means that j = n — 1. □ 

Lemma 2.16. Let L be a subfield of F and S be a set of elements of F alge- 
braically independent over L. Then the group H generated by Gp/ns-{x}) 
for all x G S is dense in Gp/p. 

Proof. If H contains the subgroups Gp^^s') f° r au subsets S" C S with 
finite complement then it contains the closure of [J s , G*f/l(S') coincident 
with Gp/p(c\ sl s') = Gp/L. So it suffices to treat the case S = {x, y}. 

For any z £ F — L there is an element a S Gp/L( x )Gp/p.( y ) such that 
ax = z, so H contains aGp/^^a^ 1 = Gp/^ z ), and thus, H is a normal 
subgroup in Ul - By Theorem l2.9l H contains G F ^ if tr.deg(F/L) = oo, and 
H contains G° F ^-j- otherwise. By Lemma l2.15l in the latter case the projection 

G F/L(x) ' G F/l/ G ° F/ l iS sur j ective > and thus > ( G F/L(x)' G F/L(y)) SUrjectS 

onto G F/i: /G F/ j-, so {Gp/X( x yG F/i:{y) ) = G F/T . 

As the subgroup Gp/L( x ) of H surjects onto Gp/l/G f ^ = Aut(L/L), 
and H is an extension of a subgroup in Gp/^/G F ,j^ by G F ^ C H, we get 
H = G F/L . □ 

3 Some geometric representations 

Now we are going to construct a supply of semi-simple admissible represen- 
tations of G. Recall ; IS/, j. that for each smooth ^-representation W of G 
and each compact subgroup U of G the Hecke algebra He(U) acts on the 
space W u , since W u = h v (W). 

Note that the definition in HI. li on p[7|is equivalent to the usual definition 
of G the Hecke algebra when U is open. 
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Proposition 3.1. 1. Let 1 < n < oo. Then a smooth E -representation W 
of G is irreducible if and only if for each compact subgroup U with F u 
purely transcendental over an extension of k of finite type the TLe{U)- 
module W u is irreducible. 

2. Let Wj for j = 1,2 be smooth irreducible E -representations of G and 
Wj 7 ^ for some compact subgroup U . Then W\ is eguivalent to Wi if 
and only if W± is equivalent to W% . 

3. For each open compact U C G and each irreducible E -representation r 
of the algebra He(U) there is a smooth irreducible representation W of 
G with t = W u . 

Proof. If n < oo then this is Proposition 2.10 of |BZ| . In the case n — oo 
the proof is modified as follows. 

1. Suppose that W is irreducible and W u ^ 0. If V is a non-zero He(U)- 
submodule in W u then the natural morphism D#/i;y ®h e {u) V — y W 
is non-zero, and thus, surjective. Then V = hjjT)Ehu ®h e (u) V surjects 
onto W u , i.e., V = W u . 

Conversely, let W\ C W be a non-zero proper subrepresentation. Fix 
an element e € W — W\ . There is a compact subgroup U C Stab e with 
F u purely transcendental over an extension of k of finite type. Then 
e € WY 7^ W u , giving contradiction. 

2. "Only if" part is evident, so suppose that the He (U)- modules and 
W2 are isomorphic. Then one has T>Ehu ®h e (U) ^1 — ^Ehu ®n E (u) 
W$ '. Set W v := {w e W \ huT> E w = 0} and V W := W/W v . 

Then u(T)Ehu ®n E (u) Wf) is irreducible, since otherwise the inclusion 
^ W 3 C [/(DB/iy®^^^) would imply = Wf and therefore, 
that W 3 = u{p E hu ®h e (u) Wj 7 ). This gives that 

Wi = u(D E hu ®h e {u) WY) = ufPshv ®h e (u) W 17 ) = W 2 . □ 

Lemma 3.2. Let W be a smooth E -representation of G. Suppose that for 
each compact subgroup U C G with F u purely transcendental over an ex- 
tension of k of finite type the H.E(U)-submodule W u is semi-simple. Then 
W is semi-simple. 

Proof. Let Wo be the sum of all irreducible -E-subrepresentations of G in W. 
Suppose W ^ Wo and e <E W — Wo. Let V be the subrepresentation of G in 
W generated by e, and Vo — V f] Wo - Let V% be a maximal subrepresentation 
of G in V — {e} containing Vo- Then the representation V\ = V/V2 of G is 
irreducible. Our goal is to embed Vi into W. Let U be a compact subgroup in 
G such that F u is purely transcendental over an extension of k of finite type 
and Vj 7 7^ 0. By Proposition 13. llfl"|l . the Ti e(U) -module V^ 7 is irreducible. 
As the H.E(U)-module V u is semi-simple and V u jV^ is isomorphic to Vf 7 , 
there is an 7i£;(C/)-submodule Njj in V u isomorphic to Vj_ and intersecting 
V2 trivially. 

For each open subgroup U' of U the H£;(C/')-submodule N' ut of U'- 
invariants of the subrepresentation of G in V generated by Nu splits into 
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a direct sum Q)jA™ 3 of irreducible 7i^;(C/')-modules, where rtij < oo and 

As {N[j,) u = h[j *T>eNu — hu*T)E* huNjj — Nu, there is exactly one 
index j such that A^ ^ 0. For this index one has rrij — 1. By Proposition 
I3.1l|3"|) . there are smooth irreducible representations W\ and W2 of G such 
that Wf ^ Aj and Wf = Vf . Since W? = W$ ', by Proposition O0 , 
one has Wi = W 2 , so Aj = vf. Set Nu> = A 3 . 

Then N :— Ur/'ct/ ^ ,7 ' * s a -^-subrepresentation of G in V intersecting 
Vo trivially. (The action of a E G on Njj l for some finite extension L of 
F u is given by the composition of the embedding Njj l C Njj La{L) with 
h-Lcr(L) * & * /licr(L) € End(iV[/ i(j(L) ). Here := hu L is the Haar measure 
on Ul, and we have used a : W Ul — ► W Ua{L ^ C W Ul "^ l K) By Proposition 
13 . llfTf) . the ^-representation TV of G is irreducible. This contradicts the 
definition of Wo- □ 

For any irreducible variety Y over k with fe(i^) = F u for a compact 
open subgroup U in G one can identify the Hecke algebra H(U) with the 
Q-algebra of non-degenerate correspondences on Y (i.e., of formal linear 
combinations of n-subvarieties in Y Y dominant over both factors Y). 
This follows from the facts that the set of double classes U\G/U can be 
identified with a basis of H(U) as a Q-space via [a] 1 — > hjj * a * hjj', that 
irreducible n-subvarieties in Y Y dominant over both factors Y are in 
a natural bijection with the set of maximal ideals in F u (gift F , and the 
following lemma. 

Lemma 3.3. Let L,L' C F be field subextension of k with tr.deg(L/fc) = 
q < 00. Then the set of double classes Ul>\G/Ul is canonically identi- 
fied with the set of all points in Spec(L Cgifc L') of codimension > q — 
tr.deg(F/L') (so U L ,\G/U L = Max(I ® k L ), if F = V). Here G/U L = 
{ embeddings of L into F over k} . 

Proof. To any embedding a : L F over k one associates the ideal in L<SikF 
generated by elements x <g> 1 — 1 <g> crx for all x <G F. It is maximal, since it is 

the kernel of the surjection L®^F F. Conversely, any maximal ideal m 
in L®kF determines a homomorphism L^^F -^-> (L®kF)/m = S with E 
a field. Since its restriction to the subfield k ®k F is an embedding, one can 
regard F as a subfield of B. Let t\, . . . , t m be a transcendence basis of L over 
k. As L is algebraic over L := , . . . , £ m ), S is integral over ip(L ®kF), so 
the latter is a field. One has Spec(L ®fc ^) C Spec(F[ii, . . . , t m ]) = A™. 
On any subvariety of A™ outside the union of all divisors defined over k 
there is an .F-point which also lies outside the union of all divisors defined 
over k, and therefore, Max(Lo <8)fc F) C Max(F[ii, . . . ,t m ]). This means 
that (p(Lo <8>fc F) — F, and therefore, 5 = F. The restriction of <p to L ®k k 
gives an embedding a : L F over k. □ 

Let Z7 and V be open compact subgroups of G, and i^ 17 = L, F v — 
V . Then, in notation of ill. II p0 one has the isomorphism hyDqhu — > 
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Home (D qhy ,Dqhu) given by right multiplication (the inverse sends a G- 
homomorphism to its value on hy), which is evidently compatible with 
multiplication in Dq and composing G-homomorphisms 

Home (Dqhw^qhv) x Homo(Dqhv , Dqhu) — > Rom G CDqh w , Dqhu)- 

The canonical projection Dq — ► Q[G/V] identifies the G-module T)qhy 

/k 

with Q[{Z/ ^> F}]. The latter can be also regarded as the G-module of 

Ik 

generic 0-cycles Q[Max(L' ® k F)\. Similarly Dqhu = Q[{L ^ F}] = 
Q[Max(L <g> fe F)]. 

Ik 

The correspondences Q[Max(L ® fe L')\ = Q[V\{L ^ F}\ act on the 

Ik 

space Q[Max(L' ® k F)] as follows. A correspondence [t] e V^\{L <— > f 1 } 

sends a cycle V ^ F to £ [<t£t] e ®[{L £ F}]. 

e,ev/u T(L)L , 

This gives an isomorphism 

Q[Max(L ® k L')\ Hom G (Q[{£' IX F}],Q[{L X F}}) 

compatible with composing of correspondences and of G-homomorphisms. 
Its inverse is given by the composition 

Hom G (Q[{L' & F}],Q[{L X F}}) ^ Q[{L X F}} 

Q[V\{L £ F}] = Q[Max(L ® k L% 

where (id,L>) is the value on the clement L' ^ F and a([r]) = [ L i T ^ L y L r] l T ]- 

Let A q (Y) be the quotient of the Q-space Z q (Y) of cycles on a smooth 
proper variety Y over k of codimension q by the Q-subspace Z^(Y) of cy- 
cles ^-equivalent to zero for an adequate equivalence relation ~. According 
to Hironaka, each smooth variety X admits an open embedding i into a 
smooth proper variety X over k. Then A q (— ) can be extended to arbitrary 

smooth variety X as the cokernel of the map Z%{X) — * Z q (X) induced 
by restriction of cycles. This is independent of the choice of variety X. 4 

In the standard way one extends the contravariant functors A q ( ) and 
Z q { ) to contravariant functors on the category of smooth pro- varieties over 
k. Namely, if for a set of indices /, an inverse system (Xj)j^i of smooth 
varieties over k is formed with respect to flat morphisms and X is the limit, 
then Z q (X) = lim Z q (Xj), where the direct system is formed with respect 

iei — ► 

4 since for any pair of smooth conipactifications (X, X') of X there is their com- 
mon refinement X <J?— X X , i* factors through ZH(X) ZH(X ) > 

Z q (X) and i*Zl(X) = (i")*Zl(X"). 
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to the pull-backs, and similarly for A q ( ) . This is independent of the choice 
of the projective system defining X. 

In particular, as for any commutative fc-algebra R the scheme Spec(i?) 
is an inverse limit of a system of fc-varieties, A q (R) := A q (Spec(R)) is 
defined. Any automorphism a of the fc-algebra R induces a morphism of 
a system (Xj)j e j defining Spec(i?) to a system (a* (Xj))j e i canonically 
equivalent to (Xj)j e i, and therefore, induces an automorphism of A q (Yn) 
for any fc-scheme Y. This gives a contravariant functor from a category of 
varieties over k to the category of Aut(i?/fc)-modules. Set B q (X) = A g (X) 
for ~=numcrical equivalence. 

In what follows X will be of type Yp for a fc-subscheme Y in a variety 
over k. It should be stressed that in this case B q (X) = B q (Yp) means 
not some sort of numerical equivalence over F, but a limit of cycle groups 
modulo numerical equivalence of varieties over k. 

The homomorphism of algebras H(U) — ► A dlmY (Y x k Y) is surjective 
for any smooth projective Y, as one can see from the following "moving 
lemma", applied in the case X\ = X 2 = Y and Z = X\ x k X 2 . (Its present 
form is suggested by the referee.) 

Lemma 3.4. Let Z,X\, . . . ,X r be irreducible projective varieties over k, 
and let Z — ^ Xj be surjective maps. Let a C Z be an irreducible subvariety 
of dimension q > max dim Xj . Then a is rationally equivalent to a linear 

l<j<r 

combination of some irreducible subvarieties in Z surjective (under maps 
pj) over all Xj 's. 

Proof. Choose a closed irreducible subvariety W in Z containing a as a 
divisor such that W is surjective (under maps pj) over all Xj. We can 
replace Z by W and assume that a has codimension 1 in Z. Then we can 
replace Z by the blowup of Z along a. Since a is the direct image of its 
pullback, we can assume a is a Cartier divisor on Z. Since our varieties 
are taken to be projective, any Cartier divisor is rationally equivalent to a 
difference of two very ample divisors, which we take to dominate the Xj's. 

a 

Corollary 3.5. The natural map Z q {k{X)® k k{Y)) — > A q (Xx k Y) is sur- 
jective if q < dim X < dimy; and Z g (k(Y) ®fe F) — ► A q (Yp) is surjective 
if 1 < dimY" < n. □ 

Proposition 3.6. Let Y be a smooth irreducible proper variety over k and 
dimF < n. Let X be a smooth variety over k. For each q > there are 
canonical isomorphisms 

A q (X k{Y) ) ^ Uom G (A di ™ Y (Yp),A q (Xp)) 

Hom G (Z dimY (k(Y) ® fc F),A q (X F )). 
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For each pair of reduced irreducible group schemes A and B over k there 
is a natural bijection 

Rom(A,B) := Hom group schcmos/fc (A, B) Rom G (A(F), B{F)). 

Proof oi the first part uses Corollary 13. 51 Lemma 13.31 and elementary inter- 

/k 

section theory as follows. Each embedding a : k[Y) <—* F induces an identi- 
fication Z dimY (k(Y)® k F) Q[G/U aik{Y ))], and thus, for each G-module 
M one has an isomorphism M u '^ y )) Hom G (Z dimy (k(Y) ® k F),M) 
given by m i — > [to~ i — > rm] for any t £ G. 

Let Z dimY (k(Y) ® k F) A q (X F ) be a G-homomorphism. Fix an 
embedding k(Y) c — > F. For any £ £ G one has v 3 (£ cr ) = £(p(<r), in particular, 
if fU(fc(n) = ld then <^ CT ) e A«(X F ) u *l*<r» = A q (X a{k{Y)) ) 5 From this 
and the fact that the pairing A q (X x k Y)® A dimY (Y F ) — ► A q (X F ) factors 
through A q (X k{Y ))® A dimY (Y F ) — ► A q (X F ), 6 one deduces that sending a 
cycle a £ A q (Xmy) ) to the action of its arbitrary lifting to a correspondence 
on X x k Y determines a homomorphism 

A q {X k(Y) ) — Hom G (A dimy (y F ), A q (X F )), 

which is surjective and canonical. On the other hand, it has the inverse 
given by <p i — > a^ 1 (p(a), where cr* : 

The map Hom(^4, £>) — > Homc(^4(i ? ), B(F)) is clearly injective. Let 
.4(F) — > B(F)) be a G-homomorphism. Fix an irreducible curve G C A 
over fc generating A as an algebraic group, i.e., with the dominant multipli- 
cation map C N — ► A for any N > dim .4. Fix a generic point x £ C{F). 
Since ip(rx) — T(p(x), the element ip(x) is fixed by any element r fixing 
x, so any coordinate of v?( x ) is a rational function over k in coordinates 

of x, and therefore, this gives rise to a rational fc-map h : C > B. 

Consider the rational fc-map C N — > B given by (x\, . . . ,Xjy) 1 — ► 

■ ■ ■ h(x]sr). On the set of -F-points out of the union of "vertical" di- 
visors, (i.e., on Max(fc(G) (g) k ■ ■ ■ (£) k k{C) ® k F)) this map coincides with 

" v ' 

N copies 

one given by (aci, . . .,xjv) i — ► <p(xi) • ■ -V>{ x n) = <p(xi ■ ■ -x N ). 

As the multiplication map Max(fc(G) <S> k ■ ■ ■ <S> k k(C) ® k F) — ► A(F) 

N copies 

is surjective for any integer N > 2 dim A, the rational map C N > B 

factors through C N > A — — > B. Since tp is a homomorphism, h should 

also be a homomorphism, and in particular, regular. □ 

5 For a subextension L C F of k let Z/ be a purely transcendental subextension 
of L over which F is algebraic. By Galois descent property, A q (Xf) Ul ' = A q (X L /). 
By the homotopy invariance, A q (X L ,) = A 9 (X L ), so A q (X L ) C A^Xf)^ C 
A 9 (X F )^' = A«(Xi/) = A^Xt)- 

6 since any correspondence supported on X x^ D for a divisor D on Y sends 
A dimY (Y F ) to zero 
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Corollary 3.7. For any field L' of finite type and of transcendence degree 
m < n over k, any field L of finite type over k and any integer q > m there 
is a canonical isomorphism 

A q (L ® k L') Hom G (A m (L' ® k F),A q (L ® fe Fj), (3.1) 

where the both groups are zero if q > m. 

Proof. Let Y be an irreducible smooth projective variety over k with the 
function field k(Y) = V . The group A m (L'(g> k F) is the quotient of A m (Y F ) 
by the sum of the images of A 171-1 (Dp) for all divisors D on Y and their 
desingularizations D. 

Then the target of (|3~T|) is a subgroup in Rom G ( A m (Y F ), A q (L ® fe F)). 

By Proposition EU Rom G {A m (Y F ), A q (L ® k F)) = A q {L(g> k L'), and 

Rom G (A m - 1 (D F ),A' I {L <z> k F)) = A q (L ® k k{D)), 

which is zero, since dim D < q. The vanishing of Home (A" 1 ^ 1 (D F ), A q (L® k 
F)) for all divisors D on Y implies the coincidence of both sides in 13.111 . 
□ 

Proposition 3.8. The G-module 7 = B q (X x k F) is admissible for any 
smooth proper k-variety X and any q > 0. If n < oo then B^. is semi-simple. 

If q = 0. or q = 1. or q — dhnX < n then ~B q x is semi-simple and of 
finite length. 

Proof. By a standard argument, we may suppose that k is embedded into 
the field of complex numbers C, and thus, for any smooth proper k- variety 
Y with k(Y) C F the space B q (X x k F) Uk <- Y > is a quotient of the finite- 
dimensional space Z q {X x k Y)f ~homC H 2q ((X x k Y)(C),Q(q)), so the 
representation B q (X x k F) is admissible. 

For each smooth irreducible variety Y over k with k{Y) C F and k(Y) = 
F the kernel of A q {Xx k Y) — > A q (Xx k k{Y)) is a A n (Y x k F)-submodule 
in A q (X x k Y), since for its arbitrary element a and for any element [3 £ 
A n (Y x k Y) one has ao (3 = pr 13 „(pr^ 2 a ■ pr^/?), so the projection to Y of 
the support of a o (3 is contained in pr 2 ((-D x k Y) P|supp(/3)) for a divisor 
D on Y, which is of dimension n — 1, so cannot dominate Y. This implies 
that A q (X x k k(Y)) has a natural structure of a A n (Y x k y)-module. 

By |.Tanj . the algebra B n (Y x k Y) is semi-simple, so the B n (Y x k Y)- 
module B q (X x k k(Y)) is also semi-simple. By the moving lemma the 
ring homomorphism Hjj km — y B n (Y x k Y), induced by the identification 
of the Hecke algebra T~tu k(Y) with the algebra of non-degenerate correspon- 
dences on Y, (see p I15|) is surjective. This gives a (semi-simple) 7~Cu k ( Y )~ 
module structure on any B n (Y x k Y")-module. Then, by Lemma 13.21 the 
G-module B q (X x k F) is semi-simple. 

7 Recall that B q (X x k F) is a limit of certain quotients of Q-spaces of classes 
of numerical equivalence of cycles on smooth proper varieties over k, but not over 
F, cf. pp HtTOTTI before Lemma ITU 
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Now suppose that n = oo. By the same result of Jannsen |.Ianj . the cate- 
gory of motives modulo numerical equivalence is semi-simple. Let (A, Ax) = 
®JX, TTj) be a decomposition into a (finite) direct sum of irreducible 
submotives. Then B q (X F ) = ^ j TT j B q (X F ). If W = TrjB q (X F ) is re- 
ducible there is a non-zero proper G-submodule Wq in W. Fix elements 
eo E Wq — and e\ £ W ~ Wo. Then the common stabilizer of eo and e\ 
is an open subgroup in G, so it contains a subgroup Ul for a subficld L 
of F finitely generated over k. Let F' be an algebraically closed extension 
of L with dim A < tr.deg(-F'/fc) < oo. Then W F/F is a non-zero proper 
G FVfe -module in W Gf ' f ' = ttj {B q {X F )) GF ' F ' , so the length of the G F , /k - 
modulc TTj {B q {X F )) GF ' F ' = ■K j B q (X F >) is > 2. By Proposition ESJ there 
is a canonical surjection End motivo /fc ((X, TTj)) — ► Endc F , /fc ( 7T jB q (X F i)) if 
g £ {0,1, dimX}. By the irreducibility of (X, nj) we have a division algebra 
on the left hand side, but the algebra on the right hand side has divisors of 
zero since the G F i /^-module -KjB q (X F i) is semi-simple, but not irreducible, 
giving contradiction. 

Any cyclic semi-simple G-module, B^ mX in particular fCorollarv l3.5fl . 
is of finite length. 

It follows from Lefschetz theorem on (1, l)-classes that for any smooth 
proper k- variety Y one has B 1 (X x k Y) = B 1 (X) ® Hom(AlbX, AlbY) ® 
B 1 (Y). By Lefschetz hyperplane section theorem, inclusion C X of any 
smooth 1-dimensional plane section C of X induces a surjection AlbG — > 
AlbX. This implies that is embedded into B X (X) © B^, so it is also of 
finite length. □ 

Corollary 3.9. One has Rom G (B q (L' ® k F), B p {L® k F)) = for any pair 
of fields L, L' finitely generated over k with tr.deg(L/fe) = p, tr.deg(L'/A;) = 
q and p ^ q. 

Proof. If p > n, or q > n, then at least one of B q (L' <g) fe F) and B P (L (g)& F) 
is zero, so we may assume that max(p, q) < n. By Proposition 13.81 the G- 
modules B q (L' <g) k F) and B P (L <g) k F) are semi-simple, so Rom G (B q (L' (g)& 
F), BP(L ® k F)) is isomorphic to Hom G (BP(L ® k F),B q (L' ® fe F)), so we 
may assume that p > q. Then, by Corollary 13. 71 one has HomG{B q (L' ® k 
F),BP{L® k F)) = BP(L® k L') = Q. □ 

Corollary 3.10. Let X and Y be smooth irreducible proper varieties over 
k. Then the Q-vector spaces B dimX (X k{Y )) and B dimY (Y k ( X )) are naturally 
dual. If n < oo and dim A" < n this duality induces a non- degenerate G- 
equivariant pairing 

B di ™ x (X F ) © lim B n ((Yu) Kx) ) — Q(x), 

where U runs over the set of open compact subgroups in G, Yjj is a smooth 
proper model of F u over k ( thus, dim Yjj = n) and the direct system is 
formed with respect to the pull-backs on the cycles. 
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Proof. Let dimF > dimX. Set n = dimF. By Proposition 13. 61 

B dialX (X k(Y) ) = Uom G (B n (Y F ),B dialX (X F )) 

and B n {Y k{x) ) = Hom G (5 dimX (X F ), B n (Y F )). By Proposition EHJ the 
G-modules B n (Y F ) and B dlmX (X F ) are semi-simple and of finite length. 
For any a G B dimX (X k(Y) ) and (3 G B" ) set (a • /3) = tr(a o 0) 

(= tr(/3 o a)). Here a and /3 are considered as G-homomorphisms. If a =/= 
there is an element 7 G S"(Yj.(x)) such that a o 7 is a non-zero projector 
in Endci? dlmX (Xi?), so the form ( • ) is non-degenerate. 

The form B dimX (X F ) ® lim B^Fj/W)) — ► Q(x) is defined by a 

)7 ► 

1 — >{a-0)- [U], for any a G B dimX (X f ) t/ and /3 G B n ((lt/) fe(x) ). By the 
projection formula, it is well-defined. □ 

The above examples of G-modules are obtained from some (pro-)varieties 
over k by extending the base field to F. More generally, one can construct a 
G-module starting from some birationally invariant functor T on a category 
of varieties over k, or on a category of field extensions of k (as in Corollary 

mm . 

Starting with the functor Div a i g of algebraically trivial divisors on the 
category of smooth proper varieties over k, 8 or with the functor Pic°j, we 
get another examples of G-modules of this type: Div°j = lim Div a i g (Yj/)Q, 

and Pic^ = lim Pic (Yu)n, where U runs over the set of open subgroups 

v u > 

of type Ul and Yjj is a smooth projective model of F u — L over k. 

If A is a commutative group scheme over k, we set Wa — A(F)/A(k). 

Proposition 3.11. Pic°j = @ A A{k) ®End(.A) W0t v , where A runs over the 
isogeny classes of simple abelian varieties over k, and _4 V := Pic°^4 is the 
dual abelian variety. 

Proof. For any open compact subgroup U there is a canonical decomposition 
®E„d(^) Hom(APic°>V)Q Pic°(n / ) Q = (Pic° Q ) U 

A 

given by a ® 95 1 — ► y(a) for any a G -4(/c) and any 93 G Hom(„4, Pic Y[/)<Q>> 
where „4 runs over the isogeny classes of simple abelian varieties over k. 
(Clearly, the image of a®tip, i.e., tip(a) := ip(ta) coincides with the image of 
ta®ip for any t G End (.4), so the map is well-defined.) Passing to the direct 
limit with respect to U, we get Pic^ = (Pic°j) , where (Pic°j)^ := 
A(k) <&End(A) nm Hom(^4, Pic°Yi/)Q is the ^-isotypic component. 

8 Div a i g (Y(y) is independent of the choice of Yu, since any birational morphism 
induces a homomorphism of the groups of algebraically trivial divisors, which is an 
isomorphism of the subgroups of linearly trivial divisors (= multiplicative groups 
of the function fields modulo k x ) and induces an isomorphism of the quotients 
modulo linear equivalence (= Pic°-groups). 
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Using the identifications 

Hom(_4, Pic°Y[/)Q = Hom(AlbY [/ , _4 V ) Q 

= (Mor(Yu,A v )/A v (k)) Q = (W A vf, 

we get lim Hom(.A, Pic° Yu)q — W_a v , so 

(Pi<$) ^ = -4(fc) (8 End(^) W> . □ 

Corollary 3.12. For any smooth irreducible variety X of dimension < n+1 
over k and q G {0, 1, 2, dimX} £/iere is a unique G-submodule in B^- = 
x fe F) isomorphic to B q (k(X) <g> fc F). 

Proof. For any q > and any adequate relation ~ one has the short exact 
sequence 

A^iDp) — ► A*(X F ) — ► A«(A(X) ® fc F) — ► 0. 
flex 1 

Let F' be an algebraically closed extension of k in F with dimX — 1 < 
tr.deg(F'/fc) < oo. As (B^ ) F/F " is semi-simple, there is a subrepresenta- 
tion of G F , /k in (B^) Gf/f ' isomorphic to B q {k{X) ® k F'). 
By Proposition there is an embedding 

Rom GF , /k (A q ~ 1 (Dp,),A q (k(X) ® fc F')) — A"(fc(X) ® fc k{D)) = 

for q = dim A; Hon\a F , jk (A q ~ 1 (Dpi), A q (k(X) ® fc F')) = for 9 e {0,1}; 

and A 1 (.Dp/) is isomorphic to a subquotient of A 1 (Cf) © Q w for a smooth 
proper curve C, so 

Rom GF , /k (A 1 (D F ,),A 2 (k(X) ® k F')) C A 2 (fc(A) ® fc fc(G)) = 0. 

This implies that for any q in the range of the statement, any Gpi/j,- 
equivariant homomorphism 

(B«. f F/F ' — ® fe F') 

factors through an endomorphism of B q (k(X)®kF'), and therefore, by semi- 
simplicity, that there is a unique Gpi /^-submodule in (B^-) F/F " isomorphic 
to B q (k(X) F'). Then the union over all F' of such G F // fc -submodules 
is the unique G-submodule in B^ isomorphic to B q (k{X) ®k F). □ 

For each open compact subgroup U C G and a smooth irreducible variety 
Y over k with k(Y) — F u we define a semi-simple G-module (of finite 
length) B^y as the minimal one such that the 7i(F)-module (B q ZY ) u is 
isomorphic to B q (Z x k Y). By Proposition l3.il it exists and it is unique. 
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Lemma 3.13. Let X . Y and Z be smooth irreducible k-varieties, dimX = 
dim Y = n > dim Z , and p 1 q > integers. Let 

®x q Y,z = Eam n(u) (W(Z x k Y), B p (k(X) ® k k(Y))). 

Then B p ^ q Y z = 0, if either q = dim Z < p, or q — n and dim Z < p, or 
q > n and p + q > dim Z + n. or q < p and q £ {0, 1}. 

Proof. 

- Let dimZ = q < p. As B q (Zx k Y) = {B, q ZY ) u , it follows from the mov- 
ing lemma l3~4l that W\ := H 9 Z y is a quotient of the module Z q (k(Z) 
F) (since = W u , where W is the quotient of Z q (k(Z) ® fc F) 
by its G-submodule generated by the kernel of Z q (k(Z) ® k k(Y)) — > 
B q {Zx k Y)). 

As Hom G (Z q (k(Z) ® k F), B p {k{X) ® k F)) = 0, this gives 

Homc(Wi, B p {k{X) ® k F)) = 0. 

We need to show that Hom H((/) (W u , BP(k(X) ® k k(Y))) = 0. 
By Proposition 13.11 for any pair (WijWb) of semi-simple G-modules 
the natural homomorphism Homg(H / i, W%) — ► rIom W ([/) (Wi ■> ^2) ls 
surjective. Then, as its source is zero when W2 = B p (k(X) (£> k F), we 
get the vanishing of the space Hom H ^ u - ) ((B| Y ) U > B p (k(X) <& k k(Y))). 

— Let c = n — dim Z, so the variety Z x P c is n-dimensional. As there is 
an embedding of H(J7)-modules B n (Z x k Y) ^ B n (Z x k f> c x k Y), it 
is enough to show the vanishing of zxP c f° r P dimZ. By semi- 
simplicity, the latter is a subgroup in Horr^B^xpc Y , B p (k(X)® k F)) C 
Hom G (Z"(fc(Z x P c ) ® k F),B p (k(X) ® k F)). By Proposition EHH the 
latter coincides with B p (k(X) (gift x P c )), which is dominated by 
BP (K { x)® k k { z } ) ^ B p (k(X) ® k k(Z)) = 0, and thus, B P ^ YZ = 0, if 
p > dim Z. 

- As the W([/)-module S^^,-*. x fc F) surjects onto the H(?7)- 
module B q (Z x k Y) when q > n, the vanishing of B p ^ q Y z follows from 
i^'yi) = for each subvariety D of codimension q — n on Z. 

— If q = 1 then B 1 (Z x k Y) is a subquotient of _B 1 (C F) for a smooth 
curve C, so we are reduced to the case q = dim Z < p. The case g = 
is trivial. □ 

Proposition 3.14. Let X andY be smooth irreducible varieties overk, and 
either q £ {0, 1,2}, or q = dim A = dimF. Then there is a unique submod- 
ule mB q {Xx k Y) over (B dimX (X x k X) <g> B dimY (F x fc F) op ) isomorphic 
to its quotient B q (k(X) ® fc fc(F)). 

Proof. The existence of such submodule follows from the semi-simplicity of 
x fc F) (GS^J). By Lemma 

Rom BdlrnY{YXkY) (B q - 1 (D x fc F), B q (k(X) ® fc fc(F))) = 0. 

As the kernel of the projection B q (X x k Y) — > B q (k(X) ® k k(Y)) is gen- 
erated by the images of B q ^ 1 {X x k E) and B q ~ x (D x k Y) for all divisors 
DonI and all divisors E on F, this implies the uniqueness. □ 
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3.1 The projector A k r x \ 

For any pair of varieties A, Y let * be the transposition of cycles, induced 
bylxV Y x A. Denote by Afcpn = 'Afept) the identity (diagonal) 
element in B n (k(X) (g) k k(X)) considered as an element of B n (X x k X). 

Lemma 3.15. For any irreducible smooth proper k-variety X of dimension 
n the element ^k(x) * s a central projector in the algebra B n {X x k X). The 
left (equivalently, right) ideal generated by A k i X ) coincides with (the image 
of) B n (k(X)® k k(X)). 

Proof. Denote by ip the projection B n (X x k X) — ► B n (k(X) ® k k(X)) and 
by ip its unique section B n (k(X) ® k k{X)) — > B n (X x k X). The kernel of 
tp coincides with the sum of the kernels of B n (X x k X) — > B n (X x k k(X)) 
and of B n (X x k X) — ► B n (k(X) x k X), where the projections are induced 
by the ring homomorphisms 

B n (X x k X) — » End G B"(A x fc F) = B n (X x k k(X)) 

and B n (X x k X) — ► End G B n (F x k X) = B n {k{X) x k X), so kert/? is a 
two-sided ideal. Then the image of <p is a B n (X x k X)-bi-module, and thus, 
the image of ip is a two-sided ideal in B n (X x k X). 

As a o A x = Ax ° a for any a E B n (X x k X), and (p and ip are 
morphisms of B n (X x k A)-bi-modules, one has aip(ip(A x )) = ip(ip(a o 
A x )) = ip{<p(A x o a)) = ip(<p(A x ))a, so aA k(x) = A k{x) a. The B n (X x k 
A)-action on B n (k(X) ® k k(X)) factors through B n \k{X) ® k k{X)), so 
A 2 k{x) =A x A k{x) =A k{x) . □ 

Lemma 3.16. A k(x) B d[mX (X L ) = B dimX (k(X) <8> fc L) for any irreducible 
smooth proper k-variety X and any field extension L of k. 

Proof. Set d — dim A. Using homotopy invariance and the Galois descent 
property of B* , we may replace L by an algebraically closed extension F 
with tr.deg(F/fc) = n > d and then A k{x) B d {X L ) = {A k(x) B d {X F )) G <'/ L 
and B d {k(X) ® k L) = B d (k(X) ®> k F) G "/^ . 

By Proposition ED and Corollary 13. 71 the canonical maps 

B d (k(X) ® fe k(X)) — ► End G B d {k{X) ® k F) 

— Rom G (B d (X F ), B d {k(X) ® k F)) 

are isomorphisms. As ^mx) * s the identity element in E\id G B d {k{X) ® k F), 
this means that A k{x) B d (X F ) = B d (k(X) ® fc F). □ 

Proposition 3.17. (X, A k i x \) is the maximal primitive n-submotive of the 
motive {X,A x ) for any smooth irreducible proper n-dimensional k-variety 
X. The motive (A, A k i X \) is a birational invariant of X. 
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Proof. To show that {X, Au X )) is a primitive n-motive, we have to check 
that the Q- vector space W := A k ^ X )B n (X x^x P 1 ) is zero for any variety 
Y of dimension < n. Replacing Y with Y x p™- dlm5 ''- 1 we ma y suppose 
that diml" = n — 1. 

W is a left B n (k(X) <g)fc fc(X))-module, since by Lemma 13. 151 is 
a central projector in B n (X x k X) and B n (X x k X)A k(x) = B n (k{X) ® k 
k{X)). 

In notations of Lemma 13 .131 one has 

Hom fln( xx ft x)(B n (I x fe y x P 1 ), ® fe fe(*))) =: B n x n X Yxfl 

— d x,x,y vf D x,x,r • 

By the first case of Lemma [3.131 one has B x n XY — 0; by the second case 
of Lemma 13.131 one has B x n XY — 0, so B x n XYxpl = 0. Then the semi- 
simplicity implies that 

RoiJi Bn{XXkX) (B n (k(X) ® k k{X)),B n (X x k Yx P 1 )) = 0. 

As W is a quotient of a direct sum of several copies of B n (k(X)® k k(X)), but 
there are no non-zero B n (X x k X)-module quotients of B n (k(X) ® k k(X)) 
in B n (X x k Y x P 1 ), this means that W = 0. 

For the maximality of [X, Ay X \) among primitive n-submotives of the 
motive (X, A x ), we have to show that Hom(M, X) = Hom(M, (X, Au X ))) 
for any primitive n-motive M = (Z,ir). Hom(X, M) = ■kB ti (Z x k X). For 
any divisor D on X one has TiB n ^ 1 (Z x k D) = 0, so from the exact sequence 

nB n -\Z x k D)^ nB n (Z x k X) — > nB n (Z x k k(X)) — » 
Dex 1 

we get nB n (Z x k X) = nB n (Z x k k(X)). By Proposition l3~B1 

B n (Z x k k{X)) = Rom G (B n (X F ),B n (Z F )), 

so Hom(X,M) = TrRom G (B n (X F ),B n (Z F )). By Proposition EH for any 
divisor D on X one has 

Hom G (B"- 1 (D F ),nB n (Z F )) = ^B n ~ x {Z x k k{D)) = 0, 

so Hom(X,Af) = 7rHom G (B"(fc(X) ® k F),B n (Z F )). By Lemma l3~Tol the 
space B n (k(X)(g) k F) coincides with the image of the projector A k ( X ^ acting 
on B n (X F ), so 

Hom(X, M) = irKom G (A k(x) B n (X F ),B n (Z F )) 

= nRom G (B n (X F ),B n (Z F ))A k{x) . 

Since the space Rom G (B n (X F ), B n (Z F )) is a quotient of B n (Z x k X), we 
get that the space Hom(X, M) is a quotient of irB n (Z x k X)A k i X ) = 
Hom((X, Ak( X )), M). On the other hand, the space Hom((X, Ak(x))> M) 
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is a quotient of Hom(A, M). As both spaces are finite-dimensional, they 
coincide. 

The birational invariantness of (X, A k (x)) follows from the birational 
invariantness of yp rim for any smooth projective variety Y over k explained 
in the beginning of H3.2I below. 9 □ 

Corollary 3.18. Let X and Y be smooth irreducible proper varieties over 
k, and dim A = dimY" = n. Then the unique submodule of the module 
B n (Xx k Y) over (B dimX {X x k X) <g> B dimY (Y x k Y)°p) isomorphic to its 
quotient B n (k{X) (g> k k(Y)) coincides with A k{x) ■ B n (X x k Y) = B n (X x k 
Y ) ■ A k(Y ) = A k(x) ■ B n (X x k Y ) • A k(Y) ■ 

Proof. By Proposition 13.171 (X,A k ( X )) and (Y,A k ( Y )) are the maximal 
primitive n-submotives in [X, Ax) and (Y, Ay), so 

Hom(X, (Y, A HY) )) = Hom((X, A k(x) ), (Y, A k(Y) )). 

By definition, 

Hom(X, (Y, A k(Y) )) := B n (X x k Y) ■ A k(Y) 

and Hom((X, A k(x) ), (Y, A k(Y) )) := A k(x) ■ B n (X x k Y) ■ A k(Y) , 

and thus, B n (X x k Y) ■ A k(Y) = A k(x) ■ B n (X x k Y) ■ A k(Y) , 
Similarly, A k(x) ■ B n (X x k Y) = A k(x) -B n (Xx k Y)- A k(Y) . 
As in the proof of maximality of (X, A k r X \) in Proposition l3 . 1 71 we have 

&k(x) ■ B n {X x k Y) = A k{x) ■ B n (X x k k{Y)). By Lemma l3~THl the latter 

coincides with B n (k(X) ® fe k(Y)). □ 



3.2 The functors B* and Q5« 

For a smooth projective variety Y over k let Y"P rim be the motive defined by 
ypnm ._ p| ^^(p^ where M runs over isomorphism classes of effective 

motives, or equivalently, 



Y plim := coker 



M ® L — > Y 



Clearly, Y i — > ypnm j g a f unc t or from the category of smooth projective 
varieties to the category of motives modulo numerical equivalence. Any 
birational map is a composition of blow-ups and blow-downs with smooth 
centers C |AKMWlW] 1. As a blow-up does not change F prim (cf. [HI), this 
implies that Y pxim is an invariant of the function field k(Y). According to 

9 One can show this directly as follows. By Corollary 13.181 for any primitive 
n-motive M ^ (Y,n) with dimY = n one has Uom(X,M) := nB n (Y x k X) = 
nB n (k(Y) Xk k(X)), which is independent of the model of k(X). 
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Hironaka, for any subfield L of F finitely generated over k there exists a 
smooth projective variety Yj^j over k with the function field L, and therefore, 
one gets a canonical projective system of motives {Y^"" 1 }^ indexed by 
subfields L of F finitely generated over k. 

Now we define the functor B* = BW of Theorem ll . ll from the category 
of motives modulo numerical equivalence to the category of graded Q-spaces 
by setting fiW = lim Horn \Y^ m ® L® 1 , — J for its component of degree i. 

Let also <B 9 denotes the restriction of B^l to the subcategory of the primitive 
g-motives. G acts on the projective system {Y,^" m }i by Yj^j — > Yjo-^)], 

a(L) ^ L, so G acts on the limits «8«(M) and B*(M). 

Remark. Any Grothendicck motive modulo numerical equivalence M = 
(X, 7r) is isomorphic to M^- ® L®', where M^- is a primitive 

0<ij',i+j'<dim X 

j-motive and L = (P 1 , P 1 x {0}), so lM (M) = 0^. !8 J (lfy). One proves this 
by induction on dimension d of X as follows. Let Mod = |~) ker(<^), where 
ip runs over the set of morphisms from M to motives of type (FxP 1 . A) 
for all Y with dimY < d. (By Proposition EH71 M od = (X,tt o Z\ fc(x) ).) 
As the length of M is < dimQ End(M) < oo, the motive M/Mod can be 
embedded into a finite direct sum of (Yj x P 1 ,^) with dimY, < d. As 
(Yj x P 1 . A) = {Yj,A) (Y,-, Z\) ® L, the induction is completed. In fact, 
the decomposition M = M^, where My is isomorphic to 

0<i,j,i+j<dimX 

Mij ® L® 1 , is canonical since 



= Im 



N(g)L ®^ M 

,7V:primitivc j-motives,iV®L®*^M 



Proposition 3.19. //dim X = q < n and M = {X,tt) is a primitive q- 
motive then Q3 9 (M) = nB q (X F ). 

Proof. First we wish to show that M^(M) Ul = Horn ( Y [z ,j , M) for any 
L C F of finite type over k, so (by Lemma IO below') M^(M) Gp / K = 
lim Hom(Y [L ],M). Any element a € M^{M) Ul belongs to the image 

of Hom(Yr£»i,MJ for some L" D L. We may assume that L" is a Galois 
extension of a purely transcendental extension L' of L. Fix a finite affinc 
open covering {C/ 7 } of Y^/j. Let B 7 be the integral closure of 0(U^) in 
L", V 1 = Spec(B 7 ) and Y" = Uy [lI] V 7 . Then G&\{L"/L') acts on each 

7 

VCp and therefore, Gal(L"/L') acts on Y" with a smooth quotient Yfj/i, 
so Y" is projective. By equivariant version of resolution of singularities, 
there is a smooth projective variety Y[£»] with a Gal(L"/L')-action and a 
Gal(L"/L')-equivariant birational morphism Yrjyi — ► Y", so a belongs to 

the image of Horn (Y [Ln] , M ) Gal(L " /L,) = ttB« (X x fe Y^,,])^ 1 ^"^' 3 . Let 
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Y be a smooth projective variety admitting birational morphisms to Y\l'] 
and to Y [L „ ] /Gal(L"/L'). Then 

Horn fej ro , Af) = Horn (yP rlm , Af) = irB q (x x fe y) 

— >♦ ttB* (X x fc Y- [L „]/Gal(L7iO) = ^' (* Xfc y^,]) ^' 7 ^ . 
On the other hand, by the projection formula, 

Horn Af) = ttB" (X x fe Y [L>] ) - ttB* (X x fc y^)^' 7 ^ , 

so 

ttS 9 (X x fc y [L „ ] ) Gai(L " /i ' ) = Horn (yP™ n , Af) = Horn (y^"\ Af) , 

which means that a belongs to the image of Horn (y^i , Af) , and thus, 
Bio] (m) Ul = Horn (y [L] , Af) . 

As MW(M) Ul = Hom(y [L] ,Af) = nB q (X x k Y [L] ) and TrB q (X F ) UL = 
TiB q {X L ), it suffices to show that nB q (X x k Y [L] ) = nB q (X L ) for vr = A k(x) 
and any sufficiently big (with dimy^j > q) subfield L finitely generated 
over k. We may assume that F is algebraic over L, so n < oo. Then, by 
Lemma [3.41 the natural map Z q (k(X) (g)fc L) — ► B q (X Xfc y^i) is surjec- 
tive, and thus, the composition Z q (k(X) ® k F) = lim Z q (k(X) <g) fc L) — > 

L ' 

lim 7rB«(X x fe Y [L] ) = lim Horn (Y [L] ,Al) = WP\M) is also surjective. 

This implies that there exists a natural embedding of the Q-algebra 
End G B[°l(Af) into the space Hom G (Z q (k(X) (g> k F), (Af )) . 
Using Proposition 13 . 1 71 one gets 

Hom G (z q {k{X) ® k F),BM(M)) = Horn (Y [k{x)] , M ) 

= Horn ((Y lk{x)] , Afc(X) ) , Af) = irB q (X x fc . 

By Corollarv l3.18l the latter coincides with B q (k(X) (g> k fc(A)), which is the 
same as End G (irB q (X F )). 

By |Jan| and Lemma 13.21 the G-module B^ (Af ) is semi-simple. As 
B[°l(Af) surjects onto nB q (X F ) and End G B[°l(Af) C End G irB q {X F ), one 
hasBl°](Af) =TrB q (X F ). □ 

Corollary 3.20. A k(x) B d (X x k Y) = B d {k{X) (g> k k(Y)) and the group 
A k ( X )B q {X Xfe.y) vanishes for any q < d :— dimX, any irreducible smooth 
proper k-variety X and any irreducible smooth k-variety Y . 

Proof. A k(x) B d (X Xfc Y) = Hom(y, (X,A k{x) )). By Proposition EH 

Hom(y, (A, A k(x) )) = A k(x) B d (X k{Y) ) . 

By LemmaEni ^k(X)B d (X k(Y) ) = B d (k(X) ® k k(Y)). 
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Suppose that q < d. Consider the projection X x k Y x V d q — > X x k Y. 
The pull-back induces an embedding A k ( X )B d {X x k Y) -^-> Z\ fc ( X )£? d (X x fe 
y x V d ~ q ), which is an isomorphism, since A k (x)B d (X x k Y) coincides with 
B d (k{X)® k k(Y)), a,ndA k{X )B d (Xx k YxP d -i) = B d {k{X)® k k{Y xP^')) 
coincides with B d {k(X) <g) fe k(Y)). 

The push-forward induces a surjection B d (X x k Y x P d ~9) -^-> B q (X x k 

Y). On the other hand, the composition B d (X x k Y) p -^> B q (X x k Y) is 
zero, so A k{X )B q (X x k Y) = 0. □ 

3.3 "Polarization" on B n {k{X) ® k F) and polarizable G-modules 

Proposition 3.21. For any irreducible k-variety X of dimension n there 
is a symmetric G-equivariant non- degenerate pairing 

B n (k(X) ® k F) ® B n (k{X) ® k F) ^4 Q( X ) 

such that • ) = ( • ,£>*(■)) for any generically finite rational map p. 

In particular, ( , ) induces non-degenerate pairings between the submodules 
W := wB n (k(X) (g> k F) and l W := t TrB n (k(X) ® k F) for all projectors 
tt G B n (k(X) ® k k(X)). 

If for (n — \)-cycles on In- dimensional complex varieties the numerical 
equivalence coincides with the homological one, then ( , ) is (— 1)"- definite. 
In particular, this holds for n < 2. 

Proof. We may suppose that X is a smooth projective variety over k. For 
a pair a, 7 e B n (k(X) <x>fc F) fixed by a compact open subgroup U C G 
we define (a,j) £ Q(x) by (a ■ 7) • [U] , where a, 7 are the images of a, 7 € 
B n (k(X) (g) fe k(Yu)) in B n (X x k Y v ) in the sense of Proposition Ed Here 
Yjj is a smooth proper variety over k with the function field k(Yjj) identified 
with F u , and ( • ) is the intersection form on B n (Xx k Yjj). By the projection 
formula, (0,7) is independent of the choices, and (p*(*) 5 ■ ) = ( ■ ,£>*(■))■ 
For a triplet of smooth proper varieties X\, X2, X3, a triplet of integers 
a, b, c > with a + b + c = dim(Xi x X 2 x X 3 ) and a triplet a G A a (Xi x 
X 2 ),0 e A b (X 2 x I 3 ), 7 e A C (X 1 x X 3 ) one has (a o [3 ■ 7) = {[3 ■ *a o 7} = 
(a • 7 o For any a € PF - {0} fixed by U there is /3 € B n (X x k Y v ) 
such that (a ■ [3) 7^ 0. Then, as a = n o a o A k ry v \, one has (a ■ (3) — 
(a ■ t TT o (3 o Amyu)) 7^ 0. As t n o [3 o Afe(Yfr) e *W r , this shows that 
( , ) induces a non-degenerate pairing between W and W for an arbitrary 
projector w. 

Bv Lemma Ed Hom w([/) (B n+1 (X x k Y v ), B n {k{X)® k k{Y u ))) = 0. By 
the semi-simplicity, this implies that the composition of the embedding of 

H(/7)-modules B n (k(X)® k k(Y u )) ^ ^(Ix^y) with ^(Ix^y) 
£?™ +1 (Jf Xfe Yjj) is zero for any L e NS(X). Interchanging the roles of X 
and Yjy, we see that the image of B n {k(X) ® k k(Yu)) in B n (X x k Y v ) is 
annihilated by any L e NS(X) NS(Y[/) C NS(Xx k Yu), i.e., it consists of 



30 



M.Rovinsky 



primitive elements. Then, by the Hodge index theorem, if for (n — l)-cycles 
on 2n-dimensional complex varieties the numerical equivalence coincides 
with the homological one, then the pairing B n (k(X) ®fe F) ® B n (k(X) <g) fc 

F) Q(x) is (-^"-definite. □ 

Proposition 3.22. Let V be a finite- dimensional Q-vector space with a 

positive definite symmetric pairing V <£> V ^— -J Q and with an action 
H — > GL(V), p i — > a p of a subgroup H C (Q)*, generated by almost all 
primes, such that (a p x, a p y) = p ■ (x, y) for all x, y G V and for all p G H . 
Then V = 0. 

Proof. Since a Q-multiple of a p is orthogonal, a p is diagonizable over Q for 
all p G H . As the group H is abelian, there is a basis {e^} of V <g> Q and 
characters A^ : H — > Q* such that a r ei — \(r) -e^. Note, that the elements 
ei belong to V (E> K for a finite extension K of Q, so the characters factor 
as\ t :H — >K X . 

For each embedding t : K <^-> C we define an hermitian form (x,y) T := 
(rx,Ty), where ( , ) is the bilinear form on V ® C induced by ( , ) 
and is the complex conjugation on V <£> C. One has ^ (cr p ei, o p ef) T = 
t (K(p)) t (K(p)) ■ (e l ,e l ) T =p - (e l ,e l ) T , so |-r(A f = p 1/2 for any r. 

Let L be the subficld in the normalization of K over Q generated by 
all the conjugates over Q of the image of Ai, so L is a Galois extension of 
Q. For any embedding r : K <— > C the image of i in C is invariant under 
the complex conjugation, since rAi(p) = p ■ (rAi(p)) _1 . As the latter does 
not depend on the embedding, the complex conjugation induces an element 
c in the center of Gal(L/Q). L cannot be totally real, since then it would 
contain elements p 1 ^ 2 for almost all prime p, and thus it would be of infinite 
degree. As the field of invariants R of c is totally real, L = i?( v / — a) for 
some totally positive integer a € Or. Let d = [R : Q]. 

As the subgroup {l,c} is normal in Gal(i/Q), the field R is a Galois 
extension of Q. By the Chebotarev density theorem, there are infinitely 
many rational primes p corresponding to the element (=the conjugacy class 
of) c. As restriction of c to R is trivial, such ideals (p) split completely in the 
extension R/Q, i.e., (p) = pi ■ ■ ■ pd- On the other hand the ideals pi, ■ ■ ■ ,pd 
stay prime in the extension L/ R (one of them should stay prime, since c is 
non-trivial, and the others lie in the Gal(L/Q)-orbit of such one). 

Now let integers 6 Or be such that x 2 + ay 2 e (p) C pj for any 
j. Since pj remains prime in Ol, one has x + y\J —a G pj for a choice of 
\J—u. Since pj is c-invariant, 2x, 2y\J —a e pj, and thus, x, y € pj for p big 
enough with respect to a. So we get x, y £ pi ■ ■ ■ pd = (?>)■ 

If there is an element in L with the modulus p 1 / 2 with respect to any 
complex embedding of L, then there are non-zero integers x,y,z G Or of 
minimal possible norm of xyz such that x 2 + ay 2 — pz 2 . As this implies z 2 G 
(p), one should also have z G (p) if £ is unramificd over p, and therefore, the 
triplet (x/p,y/p, z/p) also satisfies the above conditions and has a smaller 
"norm" . This is contradiction. □ 
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We shall say that an admissible G-module W is polarizable (when n < 
oo ) if there is a symmetric positive definite G-equivariant pairing VF^VT — > 

Q(x)- 

Corollary 3.23. Let W be a polarizable G-module. Let L be an extension 
of k in F. Then W Ut -W = for any x £ F transcendental over L. 

Proof. Since W is smooth, there is a finitely generated extension L\ of 
k such that the stabilizer of an element w £ W Ul <-*> contains the open 
subgroup (Ul 1 ,Ui i / x '\). By Lemma [2.1 I the latter contains U^m^^m — 
Ul 4 (x)i where L3 is generated over L by a transcendence basis of F over 
L(x), L2 is generated over L\ by a transcendence basis of L3 over k, and 
L4 := L2{x)f]L3 is finitely generated over k. We replace L by L4, thus 
assuming, that L is finitely generated over k. 

As Ulm C Ul(x») — trUux)^ , where ax = x p and <j\l = id, the 
element a induces an isomorphism W Ul ^~> W L W> , and W Ul ^ p "> C 
W Ul M, the dimension argument shows that a induces an automorphism of 
W For any w € W one has (aw, aw) = x(er) • (w,w), so Proposition 
savs that W Ut & =0. □ 

Corollary 3.24. Any finite- dimensional polarizable G-module is zero. 

Proof. This follows from Corollary QUI and Corollary E23 □ 

4 Morphisms between certain G-modules and matrix coefficients 

4-1 Two remarks on the G-modules F/k and F x /k x 

Proposition 4.1. For any 1 < n < 00 the G° -modules F/k and F x /k x 

are irreducible. 

Proof. Let A be the additive subgroup of F generated by the G°-orbit of 

some x G F — k. For any y £ A — k one has ■} -, — — =Hr fr ■ As —Kr and 

— are in the G°-orbit of y, this implies that y 2 £ A. As for any y, z £ A 
one has yz — \((y + z) 2 — (y — z) 2 ), the group A is a subring of F. 

Let M be the multiplicative subgroup of F x generated by the G°-orbit 
of some x £ F — k. Then for any y, z £ M one has y + z — z(y/z + 1), so if 
y/z £" k then y + z £ M, and thus, M[J{0} is a G°-invariant subring of F. 

Since the G°-orbit of an element x £ F — k contains all elements of 
F — k{x), if n > 2 then each element of F is the sum of a pair of elements in 
the orbit. Any G°-invariant subring in F, but not in A;, is a fc-subalgebra, so 
if n = 1 then Gal(F '/Q(G° x)) C G° is a compact subgroup normalized by 
G°. Then by TheoremEHIwe have Gal(F/Q(G°x)) = {1}. As any element of 
Q(G°x) is the fraction of a pair of elements in Z[G°x] and for any y £ F — k 
the element 1/y belongs to the G°-orbit of y, one has Z[G°x] = F. □ 

Proposition 4.2. For any 1 < n < 00 the annihilator of F/k in and 
the annihilator of F x /k x in Dq are trivial. 



32 



M.Rovinsky 



Proof. Let J2j=i a j ' °~j be the image of some a £ in E[G/Ul] for an 
open subgroup Ul , an integer N > 1 , some Oj € and some pairwise 

/fc 

distinct embcddings aj : L ^ F. Here i£ is either k, or Q. Let t € G be 
such an element that the embeddings a\, . . . , <jn, tcti, . . . , tct/v are pairwise 
distinct. 

Suppose a annihilates F/k. For any x £ L one has SjLi a j ' a j x ^ &j 

and thus, X^jLi Oj ■ e^-a; + X]j!=i(~ a j) ' TOj^ = for all x e L. Then, by 
Artin's theorem on independence of characters, oi = ■ ■ ■ = ojv = 0. 

Similarly, suppose that a annihilates F x Jk x . We may suppose that aj <E 
Z. For any x € L x one has Yl^ =1 (o-jx) a i g fc x j an d thus, Ilj=i {°~j x ) a3 = 1 
for all x € L x , where <7j = to-j_ n and a^- = —dj_N for N < j < 2N. 

Let Ti , . . . , tm be a collection of pairwise distinct embeddings of L into 
F and 6 1; . . . , 6m be such a collection of non-zero integers that X^^li l^jl 
is minimal among those for which Y\^Li( T j x ) bj = 1 f° r all a; G L x . Then 
I\jLi( T j x + l) bj — n^ifa^) 6 ' = 0' which is equivalent to 

II (r jX + lp J] fa*)" 6 '- J] fa*) 6 ' II (^ + 1)^=0. 

j:6j>0 j:bj<0 j:bj>0 j:bj<0 

We rewrite this as ^ Cli ... ;CM 4,..,c M n^ifa^) ' = °> where < Cj < \bj\ 
and J^jli c j < Sjli IM- Then A Clj ... iCM are integers which are all non-zero 
if either Cj = bj for all j with bj > 0, or Cj = — bj for all j with 6j < 0. By 

Artin's theorem on independence of characters, Y[^Li( T j x ) Cj = Ilfli ( T j x ) Cj 
for a pair of distinct collections (cj ) and (c^ ) as before, with | Cj — cjf < 1 bj | for 

some j, and for all a; e L. But then X)jli l c j — c 'j\ < Sjli l&7'l> contradicting 
our assumptions, so a\ = ■ ■ ■ = ajv = 0. □ 



Morphisms between certain G- and G° -modules 

Proposition 4.3. Let A and B be simple commutative group schemes over 
k. Then for any 1 < n < oo 

Hom group 

schemcs/fc (A, B)q — » Hom G (W x , W B ) — ► Homgo (W A , W B ). 

Proof. 

1. First, consider the cases A,B£ {G a ,<G m }. Let </? e Homgo (W.4, Ws) 
and a; G VF4 — {0}. Then <p(x) is fixed by the stabilizer St x of 1 in G°. 
The group St^ fits into an exact sequence 1 — ► Uu x ) f] G° — > St x — ► 

A(k) — ► 1. As Wg k{ * } °° = (B(k{x))/B(k)) Q and A(k) acts on k(x) by 

the afhne linear substitutions of x, one has W^ t:c = {B{k{x))/B{k))~Q k \ 

- If A = <G m and B = G a then Wf* = {k(x)/k) k * = 0, so tp = 0. 

- UA = <G a and B = G m then Wf* = (k(x) x /k x ) k Q = 0, so tp = 0. 
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-If A = B = & m then Wp x = (k(x) x /k x )^ = {x A | A € Q}, so 
<p>{x) — x x for some A 6 Q. This implies that ip(<rx) — (ax) x for all 
a € G° . As F x /k x is an irreducible G°-module, one has ipy = y x for 
&llyeF x /k x . 

- If A = B = G a then Wf* = (k(x)/k) k = {A • x | A € k}, so 
<p(x) — A • x for some A € fc. This implies that <p(ox) = A • era; for all 
cr e G°. As F/fc is an irreducible G°-modulc, one has ipy = A • y for 
all y <= F/fc. 

2. Fix a smooth irreducible curve Z <Z A over fc. For any generic point 

Ik 

x : k(Z) ^ F and any G°-homomorphism Wa — * Ws the element ip(x) 
belongs to the space ^< fc < z » nG ° = (B(x(k(Z)))/B(k))q, and therefore, 

h x 

there is an integer N x > 1 and a rational map Z > B defined over 

k such that <p{x) = jj-h x (x). This implies that if ip ^ and either 
A = G m or .4 = G a then B = G m or B = G a . 

3. Now suppose that ^4 and B are simple abelian varieties over k. Then the 
maps h x are regular and factor as Z — ► Jz — ^ B for some homomor- 
phisms ip x from the Jacobian Jz- 

4. If A and # are not isogeneous, there is such a curve Z that any homo- 
morphism of the group schemes Jz — > <B is trivial, and thus = 0, 
so we may suppose that A = B. 

5. There is such a curve Z that 

End.4 := End group sc hcmc/fc(-4)Q — * Hom gro 

up schemcs/fc 

{Jz,A)q. 

Then one can consider ip x as an element of End^, i.e., ip(x) — jj-tp x (x). 

6. For any pair of generic points Xi,x 2 € Z(F) there are generic points 

t,yi,---, Vm, zi,..., zm> 

of Z(F) such that the elements of both collections (ari, t, y\, . . . , $/m) 
and (x2, t, Zi, . . . , zm') are linearly independent in VF4 over the algebra 
End.4, and u := X\ + 1 + J^j Vj an d v '■= x 2 + t + ^ Zj are generic points 
ofZ(F). 

Then, by definition, ip(u) coincides with 

and, as ip is a homomorphism, ip = J ^(p Xl (x 1 ) + ^(p t (t) + 1 ^py 1 (y 1 ) + 

h jv 3 — ^vm{Dm)- We can assume that N u = N v = N Xl = N X2 = N t . 

Then one has <p u = <p Xl = <pt- Similarly, one has ip v = <p X2 = ipt, and 
therefore, the restriction of p to the set of generic points of Z coincides 
with the restriction of ip to the set of generic points of Z, for some 
ip E End.4. 

As generic points of Z generate A(F) as an abstract group, this implies 
that <p> = ip, i.e., that p £ End.4. 
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7. There remain the cases where A is an abelian variety and B is ci- 
ther G a or ^C m - As W$ is an irreducible G-°-module, any non-zero G°- 
homomorphism to Ws is surjective. Any surjection of smooth represen- 
tations of G° induces a surjection of their subspaces fixed by a compact 
subgroup K of G. Taking K = Ul> , where LI is a purely transcendental 
extension of k, we get contradiction showing that Homc<= [W^, Wjg) = 0. 
□ 

Corollary 4.4. For any pair of pure 1-motives Mi,M 2 one has 

HoniGOB 1 (Mi), S3 1 (M 2 )) ^Homco^ 1 (Mi), ® 1 (M 2 )). □ 

Corollary 4.5. for anj/ G-module W there is at most 1 character ip such 
that W(ip) = Q5 X (M) for a pure l-motive M. 

Proof. Suppose that W is irreducible, W{^i) ^ QS^Mi), W(tp 2 ) = ( B 1 (M 2 ) 
for some pure 1-motives Mi and M 2 and some characters ipi ^ ip 2 . By the 
fully faithfulness and the previous corollary, 

Hom(Mi,M 2 ) =Hom G (Q5 1 (Mi),Q3 1 (M 2 )) = Hom G » (QS^Mi), 58 1 (M 2 )), 

so Hom(Mi,M2) = Homoo(W(ipi), W(ip 2 )), which non-zero, since the G°- 
modules W(ipi) and W{tp 2 ) are isomorphic, and thus, Mi and M 2 are iso- 
morphic, which implies that W(tpi) = W(tp 2 ) as G-modules. We may as- 
sume that ip2 = 1- Set ip = ipi ^ 1. 

The G-module W(tp) coincides with W as a vector space, but G acts by 
(a, w) i — ► V'( <7 ) ' cru '- Suppose that there is an isomorphism W — ► W(tp), 

i.e., an automorphism W — > W such that X(aw) — ip(cr) ■ a\(w). Then A 
can be considered as an element of Endk el ^,(W). As kertp contains G° , the 
automorphism A can also be considered as an element of End^o (W). 

This implies that Endco(VK) 7^ Endc(VF), contradicting the previous 
corollary. 

If W is not irreducible, it should be semi-simple anyway, so its irreducible 
summands are motivic, implying the Corollary. □ 

4-3 Non-compactness of supports of matrix coefficients 

A matrix coefficient of a smooth representation W of a topological group is 
a function on the group of type {aw, w) for a vector w E W and a vector w 
in the dual representation with open stabilizer. 

Proposition 4.6. Suppose that n < 00, a subgroup H of G contains G° and 
the supports of the matrix coefficients of a representation of H are compact. 
Then this representation is zero. 

Proof. Let C be an algebraically closed extension of k of cardinality strictly 
greater than the cardinality of k. Let u> ^ be an irreducible representation 
of H over C with compact supports of the matrix coefficients. We may 
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replace H by G°, and replace u> by an irreducible subquotient of w\c°- Let 
N be a compact open subgroup in G° such that <x>(/i_/v) 7^ 0. 

Along the same lines as, e.g., in Claim 2.11 of BZ , one proves the Schur's 
lemma: the endomorphisms of a smooth irreducible C-representation of G° 
are scalar. This allows one to modify Theorem 2.42 a) of |BZ| as follows. For 
each open compact subgroup N in G° there is an element e^f £ Dc such that 
to(s%) = ujihjsi) and t^{s%) — for any smooth irreducible C-representation 
tt of G° distinct from to. 

As the G°-module F x /k x is irreducible, and End G o (_F x /fc x ) = Q, the 
C-representation ir = (F x /k x ) ® C of G° is irreducible. 10 On the other 
hand, the support of the matrix coefficient (ax, w) is not compact for any 
x £ F x /k x — {1} and any vector w 7^ in the representation dual to 7r, 
since the stabilizer of x is not compact. This implies that there is an element 
e £ Dc such that uj(e) — w(/iat) and tt(e) = 0, contradicting Proposition 
IO □ 

5 Some examples of (co-)homological calculations 

5.1 Examples of Ext- calculation and torsors 

Let Sma be the category of smooth G-modules. It is a full abelian subcat- 
egory in the category of G-modules. 

Proposition 5.1. Let n = 00 and A be an irreducible commutative alge- 
braic group over k. 

Then Ex4 nG (.4(F) Q ,Q) = Ext^ cont (^(F) Q , Q) = 0. 

Proof. Let — > Q — > E — > A(F)q — > be a continuous extension, 
i.e., with closed stabilizers. A choice of a linear section A(F)q ^ E de- 
fines a splitting E = Q®-4(F)q as a Q- vector space. The G-action is 
given by a(b, x) = (b + a a (x),ax), where a a (x + y) = a a (x) + a a (y) and 
a a (rx) + a T (x) = a aT (x). E is continuous if and only if the subgroup 
{a € Stabz I a a (x) = 0} is closed for any x € A(F)q. In particular, the 

map Staba; Q given by a 1 — > a a (x) is a homomorphism with closed 
kernel. As a(x) is continuous, the image of any compact subgroup of Uy x ) 
is a compact subgroup in Q, i.e., 0. By Lemma 12.81 the subgroup gener- 
ated by compact subgroups is dense in Uu x \, so U^ix) i s m the kernel of 
a(x), and thus, a(x) factors through Stah x /U^ x ) C A(k) tors . Since any 
homomorphism from any torsion group to Q is zero, we get a a (x) = 
for any a £ Stab^, and therefore, Stab(t, il( ) = Staby for any (b, y) £ E. 
This implies also that for any y £ A(F)q, any r £ G and any a £ Stab y 
one has a Ta (y) = a T (y). In particular, if a: is a generic point of A and 
H = {t £ G I tx = /i • x for some /i £ Q x }, then a(x) : H — > Q factors 

10 Variant: F/k is an irreducible G°-module, D ^ End fe (F/fc), End G ° (F/k) = 
k, and therefore, (F/k) (S>k C is an irreducible C[G°]-module. 
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through Q x — ► Q and p ■ a T (x) + a a (x) — a Ta (x) for any a, r G G such 
that ax = p ■ x and tx = q-x for some p, q G Q x . Then a CT (ic) = (p— 1) ■ c(x) 
for some c(x) G Q. Clearly, c(m • x) = to ■ c(x) for any m € Q x . 

Note, that c( ) is linear on the set of generic points of A. Indeed, if 

/k 

x and y (considered as embeddings x, y : k(A) F) are algebraically 
independent over k (i.e., k(x,y) := ir(fc(^4))y(fc(„4)) C F is of transcendence 
degree 2 dim .4 over fc) then there is an element a G G such that ax = 2 • x 
and ay — 2-y, so a ff (a;) = c(x), a ff (y) = c(y), and a (T (a; + y) = c(x+j/), so, by 
additivity of a a , one has c(x + y) = c(x) + c(y). In general, for any collection 
of generic points x\, . . . , Xn there is some z G A(F) such that the subfield 
k(z, xi, . . . , xn) of F is of transcendence degree dim .4 over k(x%, . . . , xn). 
By induction on N, one has YljLi m j ' c ( x j) = c ( z + SjLi TO j ' x j) ~ c ( z )- 
In particular, if X^=i m j ' ^ j = this means that X)i=i TO j ' c ( x j) = 0- This 
implies that c( ) extends to a linear functional on A(F)q. 

Subtracting the coboundary of c( ), we may assume that a a (y) — for 
any generic point y € ^(i* 1 ) and any cr G G such that ay — fi ■ y for some 

Fix a generic point y S A(F) . Any G-equivariant section over the subset 
of generic points of A is of type ay <t(&, y) for some & € Q. As G 
acts transitively on the set of generic points of A, and the stabilizers of 
vectors in E coincide with the stabilizers of their projections to A(F)q, this 
section is well-defined. For any /i G Q x let G G be such an element that 
r^y = • y. Then • cry) = ay^ar^y) = ar^cty^y) = ar^(b,y) = 

(b + a aTtl (y),aT,j,y) = (b + G^C^y), a-T>y) = /u • + a a (y),ay), since 
a rAy) = 0, so a y .b(n ■ x) = fi ■ a yt b(x) for any generic point x G -4(-F) 
and any /i g Q x if and only if b = 0, i.e., a Vl o is the unique G-equivariant 
homogeneous (but, a priori, non-linear) section over the subset of generic 
points of A. As a ay fl is also a G-equivariant homogeneous section over 
the subset of generic points of A for arbitrary a G G, one has a Vt o(ay) — 
(a a (y),ay) = a ayfi (ay) = (0, cry), so a a (y) = for any a G G and any 
generic point y. Since any element of A(F)q is a sum of generic points of 
A, we get a CT (2) = for any a G G and any z G „4(F)q. □ 

Corollary 5.2. Let n = oo and „4 6e an irreducible commutative algebraic 
group over k. Then one has 

E**Sm a (WA,Q) = Ext^ cont (W A ,Q) = Uom(A(k),Q). 

Proof. The functor RHom(-,Q) applied to — > A{k)q — > A{F)q — ► 
Wa — ► gives an exact sequence Hom(A(F)q, Q) — ► Hom(A(k)Q, Q) — > 
Ext 1 (W^,Q) — ► Ext 1 (^4(F)Q, Q), where the exterior groups are zero by 
Proposition D 

Lemma 5.3. Let n = oo, and either A = G m , or A = G a . 

Tften Ext^ mG (Q,W^) = 0. 
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Proof. Let — ► Wa — > E — ► Q — ► be an exact sequence in Smc- The 
stabilizer of an element of E projecting to 1 G Q contains an open subgroup 
Ul, so E is a sum of Wa and a quotient of Q[G/[/l] by a submodule in the 
group Q[G/Ul}° of degree-zero 0-cycles. 

When restricted to Q[G/U L ]°, the projection Q[G/U L ] — ► J5 factors 
through Wa- Denote it by a. Fix elements <j,t E G such that L, a(L) and 
tct(L) are in general position, cf\l = t\l and <t 2 |l = id. Then the generator 
[1] - [a] of Q[G/U L ]° is fixed by *7 l<t(l) , and therefore, 

"([i] - M) - /(a, y) e (^(La(£))M(fc)) Q , 

a([a] - M) = f(y,z) G (A{a{L)ra{L))/A{k)) q , 

a([l] - H) = /(x, z) g (^(Lr«7(L))M(fe)) Q , 

where /(— , — ) is a rational function and x, y, z denote collections of elements 
in L,(t(L),t<j(L), respectively. Then f(x,y) + f(y,z) = f(x,z). Taking 
in the case A = G a , or J| log ■ J| log in the case A — G m , we get /(x, z) = 
f(x) +g(z). As cr([l] - [a]) = -([1] - [a]), one has /(x,y) = -f(y,x), and 
thus, /(x, y) = f(x) — f(y) for some f(x) £ L. Let /3 <G G be such an element 
that /3f(x) = 2f(x) (in the sense of the group law of .A). Then the image of 
2 • [1] - [/?] in E is fixed by G and projects toleQ, so£ = Q®^. □ 

It will follow from PropositionslQand KHIjl that Exts mG (Q, W) = for 
any admissible representation of G in the case n = oo. (More generally, 
if n = oo, VFi, W2 € and W\ is projective in 1^, then, using Lemma fo. 61 
we get Ebrt^Wi.Wb) = Ext& mo (Wi,W 2 ) = Ext^(Wi,W 2 ) - 0. Now 
take g = 0, Wi = Q.) 

In the next example, we wish to show that Ext SmG (W^, Wa m ) ^ for 
any abelian variety A over k. The G-module Div™ = lim Div a i g (Y(/)Q, intro- 

u * 

duced before Proposition ^. Ill fits into the exact sequence — ► F x /k x — > 
DivQ — ► PiCq — ► 0. By Proposition ^. Ill any non-zero element of A v (k)q 
determines an embedding of Wa into PicQ, thus inducing an extension of 
Wa by Wjj m inside Div^. This extension is non-split, since any generic 
F-point x of A, considered as an element of A(F)q, identifies the space 
KouiG(A(F)q, DIvq) with a subspace in (DivQ) stab:c which is the same as 

, (translations by torsion elements in A(k)) 

Di Valg (A); K " = o. 



For a smooth G-group A denote by Hg m (G,A) the set of isomorphism 
classes of smooth G-torsors under A, i.e., the set of classes of those G-torsors 
in H 1 (G,A) that become trivial on an open subgroup of G. 

In particular, H 1 (G,GL r F) is the set of isomorphism classes of semi- 
linear r-dimensional representations of G over F, and Hg m (G, GL r F) is its 
subset of smooth ones. 
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Proposition 5.4. If n — oo then H^ m (G, A(F)) = {*} for any algebraic 
group A over k. 

Proof. For any 1-cocycle (a a ) presenting a class in Hg m (G,A(F)) there is 
an extension L of k in F of finite type such that <Z£ = 1 for any £ G Ul, 
so, as acrr = a a ■ aa T , a is a function on G/Ul, and a a G A(Lo~(L)) for any 

o-eG. 

/* _ . 

For any r : L c — > _F in general position with respect to L there is some 

/k 

a : L <—* F such that cr(L) and ctt(L) are in general position with respect to 
L. Set F' = ct(L)t(L)o-t(L) C F. There is an F'-subalgebra R of finite type 
in LF' C F with the fraction field LF' such that the fraction field of R f] L 
coincides with L and G A(R). There is a ring homomorphism 

R — > F' identical on F' and inducing a homomorphism R{~\L — ► k, so 
s(a 6 ) eA(£(L)) if £g {a, r,ar}. 

Clearly, cra T G „4(F'), so s(a CTT ) = s(a CT • oa r ) — s(a a ) ■ aa T , and thus, 
a T = (T _1 s(a CT ) _1 • a^ 1 s(a aT ). This implies that a T = f^ 1 ■ Tf aT , where 
:= £ _1 s(a 5 ) G A{L) and £ G {cr, err}. 

/* 

In other words, for any r : L <— *■ F in general position with respect to L 

A . 

there exist g T ,h T G such that a T — g T ■ rh T . Any a : L <^-> _F in general 

/fe 

position with respect to L can be extended to Lt(L) <—* F in such a way 
that L,o~(L) and o~t(L) will be in general position, so g^ 1 • a ffT • arh^ 1 — 
ahu ■ o~g T is an element of A(Lo~t(L)) and simultaneously of A(a(L)), i.e., 

I k ■ 

h a ■ g T G .A(fc) for any cr, r : L c — > F in general position with respect to L. 
This means that h a = b a ■ f and g T = / _1 • c T , where cv,c T G A(k) and 
/ G -4(L), so a T = f- 1 ■ c T b T ■ rf. 

For any £ G G there exist cr and r in general position with respect to L 
such that £ = err, and therefore, = • c a b a ■ cr/) • cr(/ _1 • c T 6 T • r/) = 
J" 1 • (ca-ba-Crbr) ■ or f = / _1 for some G .A(fc), which means that 

the 1-cocycle (a^) is cohomological to the image in H^ m (G, A(F)) of an 
element of Hg m (G, A{k)) = Hom 5m (G, A{k)), trivial by Theorem E3 □ 

Remarks. 1. If n < oo then there exist uncountably many semi-linear 
smooth representations of G over F of any finite dimension. Namely, any 
extension of coefficients from Q to F of a non-trivial finite-dimensional 
smooth Q-representations of G gives such semi-linear representations of G. 
(In fact, the natural map H 1 (G, A(k)) — ► H 1 (G,A(F)) is injective for 
any algebraic group A over k. Otherwise, for a pair of 1-cocycles (a CT ) and 
(a' a ) on G with values in A(k) there would exist such B G A(F) that 
crB = a a ■ B ■ a' a .If f(B) £ k for some / G k(A) defined at B then there 
is cr G G sending f(B) out of the field of definition of B, so aB ^ A - B ■ A' 
for any A, A' G A(k). □) 

2. If n < oo then there exist non-trivial finite-dimensional semi-linear 
smooth F-representations of G°, e.g, f2 q F / k for any 1 < q < n. (Moreover, 
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ftp/k) Q in H 1 (G°^il F ^ k ) under the dlog 
map is non-trivial. Otherwise, for a generator u> = dx\ A • • • A dx n of Qp/ k 

there would exist some ip G J^y fe such that d ^j^ = crip — t/> for anv 
a E G°. For any tr € G° with crx = Ar + -B for an invertible (n x n)-matrix 
A over k and a fc-vector B one has d (' T "/") = o, and thus, atb — ib = Q. But 
it is clear, that there are no non-zero 1-forms invariant under all such er's, 
so i\) = 0, and thus, tlu/lu G for any r S G°. However, it is not the case if 
txj = —xj 1 for all 1 < j < n. □) 

5.2 An example of Hq- calculation 

Lemma 5.5. Let n = oo, X a smooth projective variety over k, A an irre- 
ducible commutative algebraic group over k, and either W = CH Q (Xp)^, or 
W = A(F)q. Then for any open subgroup Ul in G one has Hq(Ul, W) = 0. 

Proof. Let K be the function field of X, or of A. The embeddings a : K e -» F 
over k, in general position with respect to L (i.e., with ti.deg(a(K)L/L) = 
tr.deg(-ftT/fc)), form a single UL-orbit. By Corollarv l3.5l for any generic point 

fk 

w : K <—> F in general position with respect to L the Q-space W is generated 
by tvj - w for all r € U L , so H (U L ,W) = 0. □ 

6 The category Ic 

Lemma 6.1. Let W be a smooth representation of G, and L be an extension 
of k in F. Then W Ul = \J L CL W Ul o , where L runs over extensions of k 
of finite type. 

Proof. For any w £ W Ul there is an extension L\ of k of finite type such 
that w G W Ul i ,sow£ W h , where H = (U L , U Ll ). 

Consider first the case tr.deg(£/fe) < oo. Let Li be generated over Li 
by a transcendence basis of L over k. Then H D (Ul, Ul 2 ) and L2 f] L = L. 
One has the following evident inclusions Ujj C (Ul, Ul 2 ) ='■ H' C J7r, 2 n l- 
Consider the quotients H'/U-^ = (Gal(L/L), Ul 2 /U l j) and Ul 2 h l/U-^ = 
GsL\(L/L 2 f)L). 

By the standard Galois theory (e.g., S.Lang, Algebra, Chapter VIII, §1, 
Theorem 4), Ul 2 /U L2T = G&l(L 2 L/L 2 ) = Gal(L / L 2 f)L) . 

According to LemmaO (Gal(L/L 2 f| I), Gal(L/L)) = Gal(L/L 2 f| L), 
so H' /U T = Ul 2 p [ l/Uj^, and therefore, H' = Ul 2 [\l- Finally, H D Ul , 
where Lq = L 2 H L. 

Now consider the case tr.deg(L/fc) = 00. The group H contains the sub- 
group (Uj^,U—), which coincides, by Proposition 12.141 with C^Xfiii' 
L 2 be generated over L\ by a transcendence basis S of L\ p| L over k (in 



40 



M.Rovinsky 



particular, L 2 C L\). Then one has embeddings L\ C L 2 Q L±, and there- 
fore, L\ = L2, and thus, L\ f] L = L 2 f] L. Similarly, k(S) C L 2 Q L f] L\ C 
Lf|I i, and therefore, L 2 f){Lf)~L^) = L{\L~l = L^f)(Lf)L[). By Propo- 
sition!^^ this implies that (L/l 2 , [7-^^ j^) = ^j, 2 n Xn j^j so ^ contains 
Ul 3 , where L3 = L 2 p| L. Let L4 be the minimal Gal(L/L)-invariant ex- 
tension of L3. As L3 is a subfield of L finitely generated over k, L4 is an 
extension of finite type of L3. Then L4 f] L = L4 = L\ f] L, so by Proposi- 

tion[H3 (Ul,U L4 ) = U Lo , where L = Uf\L = L^ 1{L/L) . 

Finally, H D Ul , where Lq is a subfield of L of finite type over k. □ 

Corollary 6.2. Let W be a smooth representation of G such that W Ul ^ = 
W Ul iW f r any extension L\ of k of finite type and any t € F — L\. Then 
W Ul = W Ul ' for any extension L of k and any purely transcendental ex- 
tension L' of L. 

Proof. By Lemma Q W u ^' = \J LoCL , W Ul ° , where L runs over exten- 
sions of k of finite type. Let L' — L(xi,X2,Xs, . . . ) for some x\,X2,x^, . . . 
algebraically independent over L. Each Lq of this type is a subfield in 
Li (xi , . . . , Xn) for some L\ C L of finite type over k and some inte- 
ger N > 0. Then W^' = Uz, ci' ^ Ul 1 cl w/ ' 7li = W Ul , so 
T^ 17 !.' = w Ul . □ 

Lemma 6.3. Let F' ^ F be an algebraically closed extension of k. Suppose 
that W Up ' = W F 'W for a smooth representation W of G and some x € 
F — F' . Then W Ul = W Uh( -^ for any extension L of k inside F' . 

Proof. Fix a transcendence basis S of F' over L and set Li = L(S). 

As the group Ul x is an extension of Gp//L 1 by Gp/pi, and Ul^) is an 
extension of the group G F ,( X )/ Ll ( x ) = G F ,/ Ll by G f /f>(x), one na s 

W U Ll = f W G F/F .,\GF>/L 1 _ ^G F/F ' W ) G f'W/'iW _ W u Ll{x) _ 

For any y 6 S U {a:} there is a £ Ul inducing a permutation of S U {x} 
that transforms (S U {x}) — {y} to S*. Such tr induces an automorphism of 
W Ul ^ transforming W u H(.s^})-{ v -i) to W Ul i , and therefore, the latter 
two spaces coincide. 

This implies that W Ul i is fixed by the subgroup of G generated by 
UL((su{x})-{y}) f° r all y G SU {x}. By Lemma \2. 161 this subgroup is dense 
in U L , and therefore, W Ul i = W Ul . □ 

Let Xq be the full subcategory in Stuq consisting of those represen- 
tations W of G for which W Gp / L = W Gf ' l ' for any extension L of k in 
F and any purely transcendental extension L' of L in i*\ For each integer 
g > let I G be the full subcategory in Tq consisting of those representa- 
tions W of G for which W Gp / F ' = for any algebraically closed F' with 
tr.deg(F'/fc) =q-l. 
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Proposition 6.4. Any admissible representation of G is an object in Iq if 
n = oo. 

Proof. Let W be an admissible representation of G, L an extension of k in 
F of finite type and x,y € F are algebraically independent over L. Then 
the finite-dimensional space W Ul is included into the finite-dimensional 
spaces W L( - x ^ and W /C/l < ! '>; and the latter ones arc included into the finite- 
dimensional space W UL< -*' y '> . As the group Uu x +y,xy) is an extension of the 
group {l,a} = G&l(L(x,y)/L(x + y,xy)) (so ax = y and ay = x) by 
UL(x, y ), one has W UL ^+y^ = (W u H<*,v)^ a \ As the subgroups UL( x +y,xy) 
and Uu x , y ) are conjugated in G, the spaces W^^+f.^w) and W Uh ^^ are 
of the same dimension. This implies that W L< -" ,+ "' xv ^ = W Ul< ~ x ^ , and thus, 
a acts trivially on W Uu .*,y) . 

Notice, however, that a permutes W Ul <-^ and W Ul ^ , so W Uli -*> = 
W Ul ^ . By Lemma 12. 161 the group generated by U l m and is dense 

in U L) and therefore, W^ 1 - = W Ul ^. □ 

Corollary 6.5. The category of admissible representations of G over E is 
abelian. It is closed under extensions in Sm,Q(E). 

Proof, ft suffices to check that for any short exact sequence 

— > Wi — >W 2 — > W 3 — > 

of representations of G with admissible W2 the representations W\ and W3 
of G are also admissible. For any subextension L of finite type over k and a 
transcendence basis ij.,i2,t3, • • • of F over L set L' = L(ti,t2,*3, • • • )• Then 
the sequence — ► i ' — ► W 2 L ' — * W 3 L ' — ► is exact. If n < 00, 
we can assume that F = L. As W2 G Tq{E) in the case n = 00, the middle 
term coincides with W 2 ^ j which is a finite-dimensional space, and therefore, 
so are the terms W^ L ' and W 3 L ' , containing W^ L and , respectively. 
This implies that W\ and W3 are admissible. □ 

Remark. If n = 00, the category of smooth representations of G has 
such disadvantage that it has no non-zero projective objects. 

Proof. Let If be a projective object in the category of smooth E- 
representations of G. Choose a system of generators {e,j}j£j of W . This 
determines a surjection 

0£[G/p ij ]Aw; 

ie.7 

where [/^ C Stab e . Fix an element io € J and for each j 6 J fix 
an extension L'j of Lj such that tr.deg(L^/fc) > tr.deg(Xj Q /fc). As W is 
projective, the composition of 7r with the surjection jeJ E[G/Ul>] — > 
©j G ,7 ^[G/f/tj] splits, and therefore, there is an element in je j J5[G/f7£,/] 

with the same stabilizer as ei . However, as E[G/UL'.] ULi o = 0, this implies 
that e io = 0, and thus, W = 0. □ 
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Lemma 6.6. The functor H°(Gp/L, —) ■ %G — ► Vectq is exact for any 
extension L of k in F. Tq is closed under taking subquotients in Sm^. 

{T G } q >a is a decreasing filtration of the category Tq by Serre subcate- 
gories. 11 

Proof. By definition, the functors H°(G F / L ,—) and H°{G F / L i ,—) coincide 
on Tq for any purely transcendental extension L' of L. The group Gp/i,' is 
compact, if F is algebraic over L', so H°(Gf/l', ~) is exact on Swlq, and 
thus, its restriction to Tq is also exact. 

Let W £ Iq and W\ C W a subrepresentation of G. Then for any 
extension L of k in F and any purely transcendental extension L' of L in F 

one has wf F/L = W 1 f]W G "/ L = W 1 f)W G *'/ L ' = wf F,L ', so W x e Z G . 
Now it is clear that Wi e 2^,. 

As T/ Gj! '/ i C ]/ G i='/i' for any representation V of G, to show that V := 
W/Wi G Tq we may suppose that F is algebraic over V. Then V^/ 1 - C 
V g f/l' = w Gf / lI /W^ F/L ' = W G "/ L /wf F,L C F G f/i, so T/G^/i = 
V g f/l'. It follows from the exactness of H°(G F/F >, -) that V G 2^. 

Let — ► Wi — ► E — > be a short exact sequence in with 
Wi, Wb € T G . Then for any algebraically closed F' with tr.dcg(F'/fc) = q — 1 

the restriction of to F g f/-f' factors through W 2 F/F " = 0, so E Gp i F ' C 
Wi f| £ G *Vf = 0, and therefore, E e T q G . □ 

Lemma 6.7. J/F' is a subfield in F with tr.deg(F'/fc) = oo i/ien i/ie /tmc- 
tor H°(G F fp7,—) fromSmQ to SrriQ— is an equivalence of categories (in- 
ducing an equivalence of Tq and Iq—^). The functor H (Gf/k>~) from 
Smo to Vectq is exact if and only if tr.deg(K/k) = tr.deg(F/fc)(< oo). 

Proof. There exists a field isomorphism <p : F -—>■ F' identical on k. Then 
cp induces an isomorphism of topological groups G-p-r j k — ► G by r i — ► 
tp~ 1 Tip and an equivalence of the categories of representations of G and 
representations of GpT, k by n i — > ^*7r, where <p*7t(t) = wfa^Tip). 

For any subfield L C F finitely generated over k there exists an element 
a € G such that = ¥>|l- Let iF" be a smooth representation of G. Then ip 
and cr induce the same isomorphism W Ul W Ua( ~ L '> = W u v( L ) . Passing to 
the direct limit with respect to L, we get an isomorphism W — ► W F i"' . 
For any r e G-pr i k and any e If one has cpn((p Tip)w — ripw (since ip 

is a limit of elements of G), i.e., (p*n = VF F ' F ' . 

Now, if tr.deg(if/fc) = oo, then H°(G f /k, — ) is the composition of exact 
functors H°(G F/W , -) and ^(Gal^/iir), -). Otherwise, if tr.deg(X/fe) < 
tr.deg(L/fc), then the only G F/ /^-invariant clement in Q[G/Ul] is zero, so 
H°{G F/K , -) transforms the surjection Q[G/U L ] — > Q to — > Q. □ 

11 A full subcategory of an abelian category .4 is called a Serre subcategory if it 
is stable under taking subquotients and extensions in A. 
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6. 1 The functor I 

For a representation M of G define NjM as the subspace generated by the 

G 

invariants M F/F i for all subfields Fj C F with tr.deg(Fj/fc) = j. Clearly, 
NjM C N j+1 M, M = \J j>0 NjM if M is smooth, 

Q 

— NjM is the subrepresentation M of G in M generated by M F/F j for 
some algebraically closed Fj , 

— restriction to NjM of each G-homomorphism M — ► M' factors through 
NjM'; 

— N i+j (Mi ® M 2 ) D NiMx O iVjAfa- 

Proposition 6.8. For any object W G Sm,Q and any integer q > f/iere 
is its quotient T q W G Tq such that any G-homomorphism from W to an 

object of Iq factors through T q W . The functor 12 Stuq — > T^ given by 
W i — > l q W is right exact and T q W = 2W/iV g _i2W. 

Proof. Let W' € IJC Any G-homomorphism W — > W' factors through 
a(W), which is an object in Tq, so we may assume that a is surjective. 
Let L be an extension of k in F and L' a purely transcendental exten- 
sion of L in F over which _F is algebraic. As the functor H°(Ul>,—) is 
exact on Smc the morphism a induces a surjection W Ul ' — > (W' ) C/ - L ' . As 
(W') 1 ^ = (W) t/i ' ! the subgroup C/ L acts trivially on {W') Ul ' , and there- 
fore, the subrepresentation Wl = {o~w — w \ a 6 Ul, w G W Ul ')g of G is 
in the kernel of a (it is independent of L' as all possible L' form a single 
C/L-orbit and arm — tw = {ut)w — w — (tw — w) for any t G Ul and any 
it) € W Ul '; moreover, Wl depends only on the G-orbit of L). This implies 
that a factors through TW :=W/J2l w l- 

The representation TW of G is smooth, so the map W Ul ' — ► (TW) Ul ' 
induced by the projection is surjective, and therefore, one can lift any ele- 
ment w G (TW) Ul ' to an element w G W Ul ' . Then aw—w coincides with the 
projection of aw — w for any a G Ul- Note, that aw — w G Wl, so its projec- 
tion is zero, and therefore, aw = w for any a G Ul- As (TW) Ul C (TW) Ul ' , 
this means that (IW) Ul = (TW) Ul ' , and thus, IW G X G . 

We may further suppose that W G Ig- As A g _iW' = and N q —i is 
functorial, iVg_iW is in the kernel of W W, so a factors through 

jq W W/N q _{W. 

As the functor H (Gp/pi,—) is exact on Tq, one has a short exact 
sequence 

— ► (ATg.rW) ^' — ► W G *v^' — ► (:ZW) G ^' — * 0, 

where (N q _i W) Gf / f ' = W F i F ' for any algebraically closed F' of transcen- 
dence degree q - 1 over fc, so (I^W) 6 ^/*" = 0, i.e., X 9 W G 2^.. 



cf. Chapter II, §3.23 



44 



M.Rovinsky 



As Uomj^W, W) = Hom lSmG (W / , W) for any W S 5m G and W £ 
Iq, i.e., X 9 is left adjoint to the identity functor X G <^-> Stuq, it is right 
exact (cf., e.g., jCM] . Chapter II, §6.20). □ 

Example. Let A be a one-dimensional group scheme over k, m > 1 an 
integer, and W = N q W be a smooth representation of G, where g < n — 1. 
Then Z(S m .A(.F) ® W) = if either m is even, or if A = G a , or if A = G m . 
In particular, the natural projection A(F)q N — > /\ w _4(F)q induces an 

isomorphism X(A(F)® N ) — ► X{f\ N A(F)q) ifn>N-l. 

Proof. For any vector space V and its proper subspace V the space 
S m V is spanned by the elements x® m for all x £ V - V, so S m A(F) ® 
W is spanned by the elements x® m ® w for all w £ W with Stab„, D 
Uk', tr.deg(£//fc) < q + 1, and all z e ^(F) - A(k'). If to is even then 
the stabilizer of such x® m ® w contains the group {a £ Uk' \ crx — ±x}, 
which contains the subgroup Uk'(t) for an element t £ k(x) := x{k{A)) with 
quadratic extension k{x)/k(t). If ^4 is rational then the stabilizer of x® m (£> w 
contains the subgroup Uk'( x ). This implies that the image of x® m <g> w in 
X{S m A{F) (g) W) spans a trivial subrepresentation of t/fc/. On the other 
hand, as n > q + 1 > tr.dcg(fc'/fc), there is a £ Uk' such that crx = 2 • x, 
and thus, a{x® m <g> u>) = 2 m ■ (x® m <g> w), which means that this trivial 
subrepresentation of Uk' is zero, so X{S m A(F) (g> W) = 0. □ 

Remark. X is not left exact, e.g., it transforms the injection k <— > F to 
fc — ► 0. 

Conjecture 6.9. If n = oo then for any j > and any object W of Xq the 
G-module gr^W is semi-simple. 

This is evident when j = 0, and deduced easily from Corollary 16.221 when 
j = l- 

Corollary 6.10. If n = oo and Conjecture \6.9\ holds for any < j < 
q — 1 i/ien i/ie functor X q is exact on Xq . This is equivalent to the strict 
compatibility of the filtration Nq C • • • C N q -i with morphisms in Xq. 

a 

Proof. Let — ► Wi — > Wi — > W3 — ► be a short exact sequence in 
Xq. Then the first term of the induced exact sequence 

— > (Wi fl N q -!W2)/N q -xWi — > X q W 1 — > X q W 2 — > X q W 3 — > 

measures deviation from the strict compatibility of N q -\ with the morphism 
a. 

To show that the filtration N, on objects of Xq is strictly compati- 
ble with the morphisms, i.e., ip(NjWi) — ( f(Wi)f]NjW2 for any mor- 
phism W\ — W2 in Xq, we proceed by induction on j > 0. This is 
clear when j = 0. By Lemma IB~B1 (p(W 1 F/F ") = ip(Wi) GF / F ' for any 
subfield F' with tr.deg(F'/fc) = j, so <p(NjWi) = Njip(Wi), and thus, 
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we may further suppose that ip is an embedding: W± C W%. Suppose 
that WiftNjWz + NjWi. Replace W x by W{ := ^^w^ and W ^ h ? 
W! 2 := Then 0^(cWj = NjW^ and j^W/ = 0. (By Proposition 

EH W{ C JJ +1 Wi, so by Lemma ED G 2^ +1 , which is equivalent to 
N J W{ = 0.) 

The induction assumption excludes the case W[ C Nj-iW^, so we may 
replace by Wi := and by VK 2 := ffrf W£. Then ^ W x C 

W 2 = N 3 W 2 and NjWi '^Nj-iWz = 0. 

Assuming Coniecture l6.9l there is a morphism W 2 — — ► Wi splitting the 
embedding W x C W 2 . However, £(W 2 ) = CtNjW-j) C A/jWi = 0, leading to 
contradiction. □ 

Remark. The inclusion Q[G/Ul}° Q[G/f7t] is an example of mor- 
phism of smooth G-modules which is not strictly compatible with the fil- 
tration N,: N tr . dcg ( L / k }Q{G /Ul}° coincides with 



for any F' with tr.deg(F'/fc) = tr.deg(L/fc) 1 
one has E -(i)cF ra " =0 J 

which is different from Q[G/U L ]°, but Q[G/U L ] = N tI . dcg{L/k) Q[G/U L ] 



E - 

[<r]eG/U L 



Corollary 6.11. Let s > be an integer and L be an extension of k in 
F of finite type with tr.deg(i/fc) = q. Then C L /N S - X := 1 S Q[G/U L ] is 
a projective object in X S G left orthogonal to 1q +1 . In particular, there are 
sufficiently many projective objects in X G for any s > 0. 

Proof. Any exact sequence — ► W\ — ► W 2 — ► Wa — > in X G gives 
an exact sequence — ► W^ L — > W 2 h — > W^ L — > 0, where Wf L = 
Boxao(Q[G/Ui],W J )=BamG(C L /N.- 1 ,W j ). □ 

Lemma 6.12. For any 1 < n < 00, any subfield L\ C F of finite type over 
k, and any a unirational extension L 2 of L\ in F of finite type there is a 
natural isomorphism Cl 2 Cia- 

Proof. Let x e F - IT and let Q[G/U Ll(x) ] lQ[G/U Ll{x) ] = C Ll{x) be 
the projection. For any a € one has [cU^u.^] — \Ul-l(x)] — °'[Ul 1 (x)} ~ 
[Ul 1 (x)] G Wl-s. C Q{G/U Ll ( x - ) ] (see definition of 1 in the proof of Propo- 
sition lu"%|) . and thus, a factors through Q[G/Ul x ], and therefore, through 
lQ[G/U Ll ] = C Ll , i.e., the surjection Q[G/U Ll(x) ] — > Q[G/U Ll ] induces 
an isomorphism C^ua — ► Cl 1 . 

One has L\ C L 2 C L\(xi, . . . , xn) for some x%, . . . , xn algebraically 
independent over L\. Then the surjections 

Q[G/U Ll(xi! ... iXN) ] — > Q[G/U L2 ] — ► Q[G/U Ll ] 

induce surjections Cl x { Xx> ... iXn ) — > Cl 2 — * Ciu where the composition is 
an isomorphism. □ 
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Lemma 6.13. Let k C L C F' be subfields in F. Then 

Q[G/G F/F ,] ®Q[G F , /fc] Q[G F '/k/G F , /L ] = Q[G/G {FF , }/L ]. 

Proof. The module on the left coincides with Q[G/G f / F i]/([ctt] — [a] \ a £ 
G,t £ Gs FF i\/l), which is the same as Q[G/Gr FF i\/ L ]. □ 

Lemma 6.14. If L is a finitely generated extension of k and F' is an alge- 
braically closed subfield in F with tr.deg(F'L/L) = tr.deg(F'/F'f]L) < oo 
then there is a canonical isomorphism XE\G / 'G i FtF n i l] — * Cl <8> E. 

Proof. Let ti, . ■ ■ , ijv be a transcendence basis of F' over F' f] L, and thus, 
a transcendence basis of F'L over L. Then the surjections 

Q[G/U L[tl _ tN) ] — ► Q[G/G {FF , }/L ] — ► Q[G/U L ] 

induce surjections CL( tl ,...,t N ) — * ZQ[G/G{f,f>}/l] — ► Cl- By Lemma 
16.121 their composition is an isomorphism, so both arrows are isomorphisms. 
□ 

Proposition 6.15. Tg(E) is a Serre subcategory in Sm,Q{E) if n = oo. 

Proof. By Lemma ffi. 61 the category Iq(E) is closed under taking subquo- 
tients in Smc (E) , so we have only to check that it is closed under extensions 
in Smc(E). 

Let — > W\ — ► W — ► W2 — > be an extension in Smc(E) with 
Wi, W% £ Tq{E). By Corollary 16.21 and Lemma l6~Sl it suffices to check that 
W u ~ — W L ' for any extension L of k in F of finite type and a purely 
transcendental extension V of L with L' — F. As the functor H°(Ul>,—) = 
~Kom Smu ^ i (e)(E, — ) is exact o\\Smc{E) and W%,W2 £ Ig{E), this is equiv- 
alent to the vanishing of Ext Smc/ ie){E, — ) onXc(E). As the forgetful func- 
tor Sm G {E) — > Sm Uj: (E) induces Tq{E) — ► lu (E), one can replace k 
with L and then it remains to show the vanishing of Extg ma / E \(E, — ) on 
1g{E). 

Let — ► W\ — > W — > E — ► be an extension in Smc(E) with 
Wi £ Tg(E). Choose some e £ W projecting to 1 £ E. The stabilizer 
of e contains an open subgroup Ul- Fix a maximal purely transcendental 
extension V of k in L. Let L" be a Galois extension of L' containing L. 
Then ^ L ,}. L n X^crGGai(L" / l>) ae ^ s ^ xe< ^ ^>Y Ul' and projects to 1 £ E, so W 
is a sum of W\ and a quotient of E[G/Ul>]- Restriction to E[G/Ul')° of 
the projection E[G/Ul'] — > W factors through W\ which is an object in 

Let a £ G be such an element that L 1 and cr(L') are in general position 
and o- 2 \l> — id. Then [1] — [a] is a generator of E[G/Ul<]° , so there is 
a surjection £ , [G/J7l' (T (l')] — > E[G/Ul>]° sending [r] to [t] — [rcr], and 
therefore, a surjection £7 = Cl>ct(l') ® E — > 1E[G/Ul']° ■ However, a 
changes sign of the generator [1] — [a] of E[G/Ul>]°, and thus, 2E[G/Ul>]° = 
0. This means that the projection E[G/Ul'] — ► W factors through E, i.e., 
W = W 1 ®E. U 
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Conjecture 6.16. If n = oo then CHq(X f )q — Cux) f°r any smooth irre- 
ducible proper variety X over k. 

Remark. This is true, by Corollary 16 . 2 II and Lemma Hi. 121 if k(X) is uni- 
rational over a one-dimensional field. Another example is given by k(X) = 
k(xi, . . . , x m p eie2 '" e m' , where Y^jLi Xj — l,m is odd and d € {m+1, to+2}, 
eiXj — <^ Sij • Xj for a primitive d th root of unity (. (The proof is the same 
as for CH (X) = Z.) 

Proposition 6.17. If n — oo then for any irreducible variety X over k 

/k 

the kernel of <Q[{fc(A) F}] — ► ^k(x) * s ^ ne sum over all curves y € 
(k{X) ®/s F)i o/ subspaces spanned by those linear combinations of generic 
(with respect to a field of definition of y) F -points of {y} that are linearly 
equivalent to zero on any compactification of {y}. 

Proof. Let be the set of algebraically closed extensions F^ of k in F such 
that tr.deg(i 7 '/F 00 ) = 1. Set hx '■— hjj K . By Lemma fo. 31 and Corollary 16. 21 
the kernel oqW of W — > XW coincides with 

{c-w-w | weW GF ' F <*>™,aeG F/Fao ,t eF-F^q 
= ^2 ( crh F ao (t)w - h Fao (t)w | w eW,o- e G F/Foo ,t e F - F 00 ) Q . 

If W = Q[G/U L ] this is the same as 

J2 ( ah F*°(t)£ - h F~,(t)Z I £ : L £ F,a £ G F/Foo ,t e F - F^)®. 

We may suppose that in this sum ^ F^, as otherwise o~h F it)£, ~ 

h Foo r t )£ — 0- Then the pair (£, -Foo) determines the Foo-curve C F,X ^ := 
Spec((£ • id)(L ® k F^)) on Spec(L <g) fe F^). 

As for any pair of elements a € G F / Foa and a € Gr F / Foo i t \ the homomor- 

phism L ®fc Foo > F is the composition of L ®fc Foo — ► F with the 

automorphism era, the kernels of cra£ • id and of £ • id coincide, and thus, 
a ^ l F x> (t)(, ~ ' l F 00 (t)f is an F-divisor on C F °°^, which is a linear combination 
of generic F-points of C Fa ° ^ . 

The triplet (£, F^i) determines the F^-curve Cf°° := Spec((£ • 

id)(£ (g) fe Foo[<])) endowed with the projections Cf 00 ' 4 C F °°' e 

induced by the inclusions Foo[t] C (£ • id)(L ®fc Foo[f]) D (£ • id)(L ®& Foo). 
Now one can rewrite o-fi Fao (f\£ — h Fao (t)£ as /3*T*div( ^7_^ t ), which is the 
divisor of a rational function on any compactification of C F °° X F<3a F = 

Spec((F(g) fc F)/p) =: C p , where p := ker(i <g) fc F F ® Poo F). 

It remains to show that the divisor of a rational function / on Cp , which 
is generic with respect to a field Fq of definition of C p , and independent of 
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any compactification, belongs to ooW. As the map Z 1 (F (£,(L)) <&p F) — > 
TW factors through Xf Z 1 (Fq(^(L)) CS>f F), where £ is a generic F-point 
of the model of C p over Fq, it follows from Proposition 16 . 2()| that / is sent 
to zero, i.e., div(/) € ooW. □ 

6.2 Objects oflc of level 1 

For a subfield L in F of finite type over k denote by ZQ at (L<g)/c F) the kernel 
of the natural projection Q[G/Ul] — ► CHo(Xp)q for a smooth proper 
model X of L over fe. 

For any W £ Sm G one has a surjection eeM/ c F/F , (e)c — ► iViW, 
where F' is an algebraically closed extension of k in F with tr.deg(F'/fc) = 1. 
This means that to describe the objects of Tq of level 1 it suffices to treat the 
case W = (e)a, where Stab e 2 Ul with L = k(X) for a smooth projective 
curve X over k of genus g > 0. Then W is dominated by Cl- Let Jx be the 
Jacobian of X. 

Lemma 6.18. If n — oo then the G-module Z r at (L (8ft F) is generated by 
w n = Ej=i CT i - Ej=i t j /° r a ^ N > 9, where (ax,..., a N ; tx,...,t n ) is 
a generic F -point of the fiber over of the map X N X N — Pic°X 
sending (xx, ■ ■ ■ , x N ; yx, ■ ■ ■ , yw) to the class of Ej=i x i ~ Ej=i Hi- 

/ft /ft 
Proof. Let 71 , . . . , j s : L <—* F and Sx , • • ■ , 6 S : L <—> F be generic points of 

X such that Ej=i lj ~ y^j— x ^3 1S the divisor of a rational function on Xp. 

We need to show that Ej=i Tj — Ej=i &j belongs to the G-submodule 

in Z r &t (L <g) k F) generated by u>jv's. 

A 

There is a collection ax, ■ ■ ■ , ct g : L F or generic points of X such that 
the class of Ej=i 7/ + Ef=i a j m Pic s+9 A is a generic point. Then there is 

A 

a collection £1 , . . . , £ s + 9 : L <^-> F of generic points of X in general position 
such that Ej=i 7? Ef=i a J — E?=i £?* * s divisor of a rational function on 

Xp (so the same holds also for Ej=i &j + Ef=i a i — Ei=i 0)- We ma yi 
thus, suppose that 6x,...,6 a are in general position. 

Fix a collection x.y of generic points of X in general position, also with 
respect to 71 , . . . , 7 S and to Sx, ■ ■ ■ ,S S , for 1 < i < g and 1 < j < s such 
that the classes of 71 + Ei=i ■ ■ • > 7s + E?=i m Pic 9+1 X are generic 
points in general position. Then one can choose a collection £jj of generic 
points of X in general position for < i < g and 1 < j ' < s such that 
7j+Ei=i K ij — Ef=o &j i s divisor of a rational function on Ap (so the same 

holds also for J2 j= i Ef=o &j _ fei=i ^ + Ej=i Ef=i )■ We ma y thus > 
suppose that both 71, . . . ,7 S and 8%, . . . , S s are in general position. 

/k 

Then there is a collection of generic points £1,. .. ,£ s : L <^-> F such 
that the points (71, . . . ,7 s ;Ci, • • • ,6) an d (<^i> • • • j S a ; £1, ■ ■ ■ , 6) are generic 
on p^H )- Then Ej=i 7? - Ei=i and Ei=i ^ - Ei=i are divisors of 
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rational functions on Xp . Clearly, such elements belong to the G-orbit of 
w s . □ 

Lemma 6.19. The images of the generators wn = Ej=i a j ~ EjLi T j °f 
Z r at (L ® k F) (from Lemma Wm in W := JZ T at {L ® fe F) are fixed by G. 

Proof. Set M := N + g. Then for any generic point 7 of Y\c M (Xp) in 
general position with respect to 07, . . . , (Tjv, 77, . . . , tjv there is a collection 
ai, . . . ,a g of generic points of Xp, also in general position with respect to 

07, . . . , cat, 77, . . . ,tn, such that the class of Ej=i u i + Ef=i a j coincides 
with 7. 

There exists an M-tuple £ = (£1, . . . , £m) of generic points such that 
both 2M-tuples (07, . . . , on, <Xi, ■ . ■ , a g ; £) and (ri, . . . , tat, ai, . . . , a g ; £) are 
generic points of the irreducible variety p^/(0). 

The subfields 

L 6 := (£i(£)---£ A /(L)) s «, L„ := (oi(L) ■ ■ ■ o N (L)ai(L) ■ ■ ■ a g (L)) &M 

are isomorphic to the function field of the M th symmetric power of X, and 
L a L^ is isomorphic to the function field of the & m\pJ.j (0) / & m ■ As M th 
symmetric power of X is birational to the product of the Jacobian of X 
and a projective space, the subfields L^, L a , as well as L a L^, are purely 
transcendental extensions of the subfield 7(fc(Pic M (X ))) in F. Clearly, the 
same is true for the subfields L T := (77 (L) ■ ■ ■ tn{L)cki{L) ■ ■ ■ a g (L)) 6M and 
L T L^. 

The elements w a := Ej=i u j + Ef=i a j ~ Ej=i 6 an d w T := Ejli Tj + 
Ef=i «i-E^=i 6 of Z^{L® k F) are fixed by and by U Lt l ( j respec- 

tively. Then the classes of w a and of uv in W are fixed by U y ( k (p ic M rx))) > 
and thus, so is their difference wn- 

Fix a purely transcendental extension Lq of k in i* 1 with tr.deg(Lo/A;) = g 
in general position with respect to 07 , . . . , on , 77 , . . . , tjn- Then 

L = p| 7 (fc(Pic M PO)), 

7 SG, 7 C=(Pic M (X)))DL 

so by Lemma f2. II the subgroup in G generated by U y ^ k ^ Pic M rx))) f° r sucn 
7 contains J7l , and thus, the image of wn in W is fixed by Ul . 
Finally, as W € X G , one has € = iy G . □ 

Proposition 6.20. If n = 00 then TZ}^(L ® k F) = 0. 

Proof. By Lemma 16.191 the images of the generators wn = E/=i G j ~ 

EjLi Tj of z o at ( L ®fe ^) (fr om Lemma EM in ^ : = IZ^ at (L ® fc F) are 
fixed by G. As (07, . . . , on', 77, . . . , tn) and (77, ... , tn', 07, . . . , oat) are both 
generic points of the irreducible variety p N x (0) and the generic points form 
a single G-orbit, there is an element (3 £ G such that [3o j = Tj and /3tj- = Cj 
for all 1 < j < N, so /3w = — w. As is generated by the images of wn's, 
which are fixed by G, we get W = 0. □ 
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Corollary 6.21. Let X be a smooth projective curve over k, L = k(X) 
be its function field and Q[G/Ul]° be the group of degree-zero 0-cycles. If 
n = oo then XQ[G/U L }° = Pic°(X F ) Q and C L = Pic(X F ) q . 

Proof. Using Proposition 16.201 this can be done by applying the right- 
exact functor X to the short exact sequences — ► Zg at (L ©& F) — ► 
Q[G/U L }° — ► CH (X F )° Q — ► and — > Z^{L® k F) — > Q[G/C/ L ] — > 
Cflo(-X»Q — + 0. □ 

Corollary 6.22. If n — oo then any object o/Xq of level 1 is a direct sum 
of a trivial module and a quotient of direct sum of modules A(F)q for some 
abelian varieties A over k by a trivial submodule. 

Proof. By Corollary 16.211 any object W of Xq of level 1 is a quotient of 
gJ Pic(Xp)Q for a set J of smooth projective curves over k. As there 
is a splitting P\c{Xp) q = Q © Pic°(Xi?)Q, we get that W is a quotient of 
I 7 ^ ®^ e j ^(-f )q f° r a set ^ °f simple abelian varieties over fc. 

In particular, W/W is semi-simple, so there is a subset J' C J such 
that the projection 7 / — ► W/W is an isomorphism. 

Then VF 6 j' A(F)q — > W is a surjection with trivial kernel. □ 

Corollary 6.23. If n = oo i/ien ^4(i 7 ')Q (resp., Wa) is a projective object 
of Xq (resp., ofX G ) for any abelian k-variety A. 

Proof. A(F)q (resp., Wa) is a direct summand of Pic(Xp)q (resp., Wj x ) 
for a smooth curve X on A, which is a projective object in Xq (resp., in 
X G ) by Corollary and Corollary IfTTTl □ 

Define the following decreasing filtration on the objects of Xq: T^W = 
p| ker ip, where <p runs over the set of G-homomorphisms from W to objects 
of Xq of level j. If N, is strictly compatible with the morphisms of Xq then 
one can assume that (p's are surjective. 

As kev(W -^Uw)=0, one has T q+1 W = 0, if W = N q W. 

Corollary 6.24. If n = oo then gr]rC k (x) = AlbX(F) Q and C k ( X ) — Q © 
AlbA(i 7 ')Q © F 2 Ck(x) f or an V smooth proper k-variety X . 

Proof. By Corollary E22 = f]ker(W Q © where W' runs 

over all quotients of direct sum of modules ^4(F)q for some abelian varieties 
A over by a trivial submodule. We may suppose that ip's are surjective. 
As Cfc(x) is projective, any such ip lifts to a homomorphism to the direct 
sum of A(F)q. 

Let c °k(x) = ker(G fc(x) ^ Q), so C fc(x) = Q© C° {x) . One has 

Hom G (G fc ° (x) ,^l(F)Q) = Rom G (C kix) ,A(F) Q )/Kom G (®,A(F) Q ) 
= {A(k(X))/A(k)) Q = (Mox(X, A) /A(k)) Q 

= Hom(AlbX,„4) Q = Hom G {A\bX (F) q ,A{F) q ), 
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so any G-homomorphisms from G^ x ^ to any object of level 1 factors through 
AlbX(F) Q . 

The filtration splits, since AlbX(F)Q is projective. □ 
6. 3 The inner Horn 

Corollary 6.25. The inclusion Q[{L(X) £ F}] C Q[{k(X) ^ F}\ in- 

/L 

duces a surjection of Ul -modules Q[{L(X) «— > F}] — > Ck(x) for any ex- 
tension L of k in F with tr.deg(F/L) = oo and any irreducible k-variety 
X. 

I k 

Proof. For any a : k(X) <^-> F there is a generic curve Y on Xp defined over 
some k' such that a is its F-point generic with respect to k'. Then the class 

/k' 

of a in 2fc/Q[{fc'(Y) F}\ can be presented by a linear combination of F- 
points of Y generic with respect to k'L. As generic points of Y are generic 

/L 

points of X, this means that Q[{L(X) <^-> F}\ — ► ^k(x) is surjective. □ 

Propositions 16.151 and the following one suggest that the category Tq 
should be related to the category of effective homological motives. 

Proposition 6.26. The inner Ttom functor 13 on SrriQ induces the inner 
Horn functor on Tq if n = oo. Level of Hom(Wi,W2) does not exceed q if 
W U W 2 = N q W 2 el G andq<l. 

Proof. For any W\ € Tq there is a collection / of irreducible varieties over 
k and a surjection of ©xe/ Cfc(x) onto Wx, and thus, an inclusion of G- 
modules 

Hom(W 1 ,W 2 ) J] Hom(C k(x) ,W 2 ). 

Clearly, for any collection {M a } o6 ; of objects of Tq any smooth submodule 
in n«e/ M a is also an object of Tq, and thus, to show that Hom(Wi, W 2 ) £ 
Tq for any Wi, W 2 G Tq it suffices to check that Hom{W\, W 2 ) € Tq for 
any W 2 € Tq and any W\ of type Ck(x) ■ 

By its definition, Hom(Wi, W 2 ) is the union of Hom^ (Wi, W 2 ) over all 
open subgroups Ul in G. 

Fix an algebraically closed subfield F' of F such that tr.deg(F/F') — 

/k 

tr.deg(i ? /k) = oo and an embedding a : <—* F in general position 

with respect to i 7 ". 

As, by Corollary 16.251 for any L C F 1 with tr.deg(F/L) = oo there 

/L 

is a surjection of [/^-modules := Q[{L(X) <^-» F}j — > Wi, one has 
13 (Wi,Wa) 1 — ► lim Hom;j(W / i, W2), where U runs over the set of open sub- 
groups of G. Clearly, Hom G ( Wi, Hom(W2, W 3 )) = Homo(Wi g> W 2 ,W 3 ) for any 
smooth G- modules Wi, W2, W3. 
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Rom UL (Wi,W 2 ) C Kom UL (W,W 2 ) = W 2 " <fc<x)) , and thus, the G F , /k - 

module Hoto(V^i,T^ 2 ) Gf / f ' embeds into the G F / /fe -module W 2 F "" WX)) =: 
W . Here the group G F ,/ k = G F v(fe(x))/ CT (fe(X)) acts on Wo as the quo- 
tient of G F / a{k ( X )) by Gp/pt^x))- Clearly, W € lG F , /k , so the smooth 
G^// fc module Hom(W l7 W 2 ) GF / F ' belongs to l Gp , . By Lemma IfTTl the 

functor iSmc ► SmQ F , is an equivalence of categories, inducing 

an equivalence of Xq and Xq f , , so the object Ttom(Wi,W2) belongs to 

If W2 is a trivial G-module then Hom(C k (x), W 2 ) — W 2 , so the repre- 
sentation Tiom(Wi, W 2 ) is a submodule of a trivial G-module, and thus, 
Hom{W\, W 2 ) is trivial itself. 

To show that Hom(Wi,W 2 ) is of level 1, if W 2 = N t Wi, it is sufficient 
to treat the case W\ — Xe; ^k(X) anc ^ ^ 2 = (©je./ A;'(-^)q)M f° r some 
7l C 0„ e j Aj(k)q. Then, using Corollaries 16 . 241 and 16.251 we get that 

Uom UL {Q[{L(X) £ F}}°,W 2 ) = Hom UL {AlbX(F) Q ,W 2 ). 
As this is independent of L, the G-module H.om(Wi, W 2 ) is trivial. □ 

Remark. The G-equivariant pairing Q[G/U] <g> Q[G/U] — ► Q given 
by [c] ® [t] 1 — ► if [cr] 7^ [r] and [cj] (g) [er] 1 — > 1 defines an embedding 
of Q[G/U] into its contragredient, so, unlike the objects of Xq in the case 
n = 00, for any 1 < n < 00 there exist many smooth G-modules with 
non-trivial contragredients. 



6.4 A tensor structure on Xq 

As Example after Proposition 16.81 on p^] shows, Xq is not closed under 
tensor products in Sm G . We define W\ ®x W 2 by X{W\ ® W 2 ). 

This operation is not associative on Smc as one can see from the fol- 
lowing example. Let Wj — Q[G/Uj] for some open subgroups Uj = Ul, in 

G, 1 < j < N, N > 2. Then one has Wi <8> • • • ® Wat = QHjLi G /^] = 

Clearly, the representation Q[G ■ (7*1, T2, . . . , tjv)] is isomorphic to the 
representation Q[G/(HjLi ^'f^Tj -1 )]; so 

® • • • ® Wiv) = G LlT2(i2) ... TN(Ljv) . 14 

/fc 

14 More symmetrically, Wi <g> • • • <g) = Q[{&(#) <-> ^}], so 

x G S p ec ( L i <g) fc ■ ■ ■ ® fc L N ) 

a;6Spec(i 1 ® fc ---® fc L JV ) 
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If JJi = U 2 = U k[x) , one has 1W X = IW 2 = Q, and therefore, Wi ®i {W 2 ®i 
Q) = Wi ®i TW 2 = TWx = Q. 

On the other hand, by Noether normalization, (Wj 8>z W2) ®i Q = 
T(W\ <g> W 2 ) contains submodules isomorphic to Cl for any field L finitely 
generated over k and with tr.deg(L/fc) = 1. 

Lemma 6.27. Ifn = oo then for any finite collection of smooth irreducible 
proper k-varieties X\, . . . ,Xn there is a canonical surjection of G -modules 

Ck(x 1 x k ---x k x N ) ^ I (CfefXi) (8 • • • ®C k (x N ))- 

If C k ( Xl x k ---x k x N ) = CHq(Xx x fe ••• x k X N ) Q thenl(a) is an isomor- 
phism. 

Proof. It suffices to check that the canonical G-homomorphism Q[{k(Xi)® k 

Ik 

■■■® k k(X N ) F}} -^-> C k(Xl ) ® • •• ® CfcCXjv), given by r i — > r| fe(Xl) <g> 
■ ' " ® T |fc(x N )i i s surjective, and its kernel is contained in the kernel of 

/k 

QiiHXx) ® fc • • • ® fc fc(^v) ^ F}] — » G fc 

(Xi x fc ■■■XfcXjv) ( so that a canonical 
G-homomorphism G fc(Xl ) ® ••• <8> G fc( x„) — ► G^Xfe-XfeXjv) is defined, 
and the composition 

Ck(X 1 x k ---x k X N ) —ll(C k { Xl ) ® ••• ® Cfc(X N )) ► G fc( x 1 x fc ---x fc X N ) 

is the identity). 

We have to check that for any collection of generic points aj £ Xj, 
1 < j < the class cr of cti ® • • • <£> ctjv in Gfe(Xi) <&>••• <8 C k (x N ) is a linear 
combination of the images of generic points of X\ x k ■ ■ ■ x k Xjy. 

By induction on j we show that a is a linear combination of elements of 
type a[ ® • • • ® cr^, where cr^, . . . , cr'- are in general position. For j = 1 there 
is nothing to prove. If j > 1 there is a curve Y - on Xj defined over a subfield 
k' C F with tr.degO'/fc) < oo such that a'- e Y(F)-Y(¥). Clearly, for any 
G-module W the canonical G-homomorphism W — ► IW factors through 
the G^p-homomorphism W — > T-gW . Here 2p- : Stuq^— — ► Xq^ — 
denotes the same functor as I, but in the context of G^y-p-modules. The 
embedding Y (Xj) k ' induces the G F ^-homomorphism Q[Y(F)] — > 
Q[Xj(F)], and therefore, using Corollary 16. 2 II the G^p-homomorphism 

z (r F )ePic(r F ) Q ^ c W(x) . 

This implies that the image of a' 3 € Y(F) in lQ[Xj(F)} = xeX , G fc(:r) , 
which is equal to [o~'j] £ C^x^t coincides with the image of a linear com- 
bination of some generic points of Y that are in general position with re- 
spect to a[, . . . ,o-j_ 1 , i.e., of some points of Y(F) — Y(k"), where k" = 
k'a' 1 (k(Xi)) ■ ■ ■ o-j_ 1 (k(Xj^i)). This completes the induction, so we may 
suppose that <7i,...,(7j are in general position. Then there is some r : 
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k(Xi) (gifc • • -®k k{Xjs[) F such that T\ k ( Xj ) = &j for all 1 < j < N, thus 
implying that a is surjective. 

Besides, the representation C k ( Xl ) ® • • • ® Ck(x N ) surjects onto the rep- 
resentation C7? ((^i)f) ® • •• ® CH ((Xn)f)(}, and the latter one surjects 
onto CH G ((X 1 x fe ••• x fc Xtv)f)q = C fc(Xl x fc ...x fe Xiv)- 1=1 

Corollary 6.28. If n = oo awe? Lemma \6.27\ is true then ®x is associative, 
the class of projective objects in Xq is stable under ®x, and W\ ®x ■ ■ ■ ®x 
W N = X {Wi (g) • • • ® W N ). 

Proof. By Lemma ltj.271 the class of G-modules of type Cl is stable under ®x, 
and ®x is associative on this class. As any projective object is a direct sum- 
mand of a direct sum of G-modules of type Cl , the same holds for the class 
of projective objects in Xq, and also W\ ®x • • • ®x W x = X {W\ ® • • • ® Wn) 
for projective W\, . . . , Wn- 

Any object Wj £ Xq is the cokernel of a map Qj — Vj, where Vj and 
Qj are direct sums of G-modules of type Cl- This implies that Wi ®x Wj is 

id®aj+a.i®id 

the cokernel of V% ®x Qj © Q% ®i Vj > Vi ®x Vj , and in general, 

(. . . (Wi ®x W 2 ) ®x ■ ■ ■ ) ®x W<jv is the cokernel of 

®T(Pi®"-®Qj®---®7'w) ► X^i®---®^)- 

i=i 

Clearly, this is independent of rearrangements of the brackets. □ 

Remarks. 1. As it follows from Example on p^J The form Wi®W2 — > 
Wi ®x Wi can be degenerate. (If W\ = E(F)q for an elliptic curve E over 
k, and W2 = Wi/A for some subspace ^= A C E(k)q then Wi ®x Wi = 
X(/\ 2 Wi) surjects onto Wi ®x W2 with kernel dominated by W\ ® A. As 
the form is skew-symmetric, when lifted to W\ ® Wi, its left kernel contains 
A □) 

2. The functor E(F)®z is not exact. (Applying it to yl = — > W\, we get 
W 1 ® A — ► X{Wf 2 ) = X([\ 2 Wi), with the kernel containing S 2 A, since 
S 2 j1 is in the kernel of the composition Wi ® A Wf 2 — > t\W\. □) 

In particular, if we denote by Tor^(W, — ) the left derivatives of the 
functor W®i then Tor^WijWb) ^ TorJ(W 2 , Wi). (As the funct or W® T 
is right exact, any projective object of Xq is acyclic, cf., e.g., |CM| . Ch.III, 
§6.12., so if Tor*(Wi,W 2 ) = Tor^{W 2 , Wi) then 

TorJ(£(F) Q , W) - TorJ (W, E(F)q) = 

if j > 0, i.e., the functor E(F)® X should be exact. □) 
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7 Representations induced from the compact open subgroups 

In this section we give an example f Corollary 17. 3[) of a pair of essentially 
different open compact subgroups U and V in G with embeddings of E- 
representations E[G/U] ^ E[G/U'] and E[G/U'] ^ E[G/U] of G. This 
implies that E[G/U] and E[G/U') have the same irreducible subquotients. 
Proposition 17.41 contains one more example of this phenomenon. However, 
it seems crucial for these examples that the primitive motives of maximal 
level of models of F u and F u coincide (and trivial). 
But first, two general remarks. 

Remarks. 1. Representation of G/G°. Let U be a compact open 
subgroup in G. Then there is a surjection of the ^-representation E[G/U) 
of G onto any irreducible ^-representation of G factorizing through the 
quotient G/G°. 

2. Twists by 1-dimensional representations. Let <p be a homomor- 
phism from G/G° to Q x . We consider E[G/U](ip) as the same E'-vector 
space as E[G/U], but with the G-action [a] i-^ <p(r) ■ [to-]. Then A v ([cr]) := 

ip{cr) ■ [a] defines an isomorphism of representations E[G/U] — ^ E[G/U]((p) 
of G. 

This implies that for any irreducible ^-representation W of G the mul- 
tiplicities of W and W(ip) in E[G/U] coincide. 

7. 1 Purely transcendental extensions of quadratic extensions 

Lemma 7.1. Let U and U' be open compact subgroups in G such that 
Uf]U' is of index 2 in U: U = (U f| U') U <r(U f| U'), and U'f]aU'a C U. 
Then U is the only right U-coset in UU' . Equivalently, for any o~i,o~2 G G 
ifaiUU 1 = a 2 UU' then a-JJ = <j 2 U . 

Proof. Equivalence. If U is the only right CZ-coset in UU' and a-JJU' — 
a 2 UU' then o^oxU C UU', so o^oxU = U, i.e., o^ox € U. Conversely, 
suppose that a^UU' = a 2 UU' implies o-\U = a 2 U . Then if u\U C UU' one 
also has a-JJU' C UU' and, by the measure argument, aJJU' = UU', and 
thus, aJJ = U. 

Now suppose that oJJU' = a 2 UU'. As UU' = U'\J aU', one has either 
aJJ' = a 2 U' and o\aU' — a 2 aU' , or aJJ' = a 2 aU' and <j\oU' = a 2 U'. 
The second case can be reduced to the first one by replacing a 2 with a 2 a 
(as this does not change a 2 U). Now one has a^ 1 a 2 £ U'f]aU'a C U, and 
thus, oJJ = o 2 U. □ 

Remark. One obviously has Uf] U' = a(Uf]U')cr C U' f](aU'a). Un- 
der assumptions of Lemma IY. II this means U' f](aU' a) = U f] U' . 

Lemma 7.2. Let U and U' be some open compact subgroups in G such that 
Uf)U' is of index 2 in U: U = (U f] U') (J a{U f) U') . Suppose that for any 
integer N > 1 and any collection t\, . . . , tjv € U'a—U one has n • • • tjv 1- 
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Then the morphism of E -representations E[G/U] ► E[G/U'] of G 

is infective. 

Proof. First, we check that U'f](aU'a) C U. If r G U'f](aU'a) - U then 
r^ 1 G U'f](aU'a) - U, so 1 = tt" 1 G (C/' - U){(aU'a) - U) = (U'a - 
U)(U'<r — U), which contradicts our assumption when N = 2. 

Suppose that YljLi bj[o~j] is in the kernel, i.e., Ylj=i ^jiWj] + [ cr j (J ]) = 0; 
where bj ^ 0, rjj are pairwise distinct as elements of G/U and M > 2. Then, 
by Lemma O ^UU' ^ ajUU' for i ^ j. 

One considers the graph whose vertices are the right [/'-cosets in the 
union Ut=i &jUU' , and whose edges are the sets ajUU' for all 1 < j < M 
which join the vertices CjU' and GjoU' . There are at least 2 edges entering 
to a given vertex, since otherwise this "vertex" is contained in the support 
of J2j=i + [ cr j <T ]), s ° there exists a simple cycle in the graph, say, 

formed by edges a-JJU' , . . . , a s UU' for some s > 3, i.e., the intersection of 
the subsets oiUU' and UjUU' in G is non-empty if and only if \i — j\ G 

{0,1,5-1}- 

We may suppose that for any 1 < j < s one has ajUU' f)aj+\UU' = 
o-jU', and a\UU' f]a s UU' — a s U', and therefore, ajU' — aj + \aU' for any 
1 5= i < s, and cr s £/' = o\oU' . 

Then cr^Vj+i G J/'cr - [7 for any 1 < j < s, and cxjVi G U'a - U. 

As (crf 1 ^) • • • (o~~ 1 o-j + i) ■ ■ ■ (a~\o- s )(o-~ 1 ai) — 1, we get contradiction. 

□ 

Corollary 7.3. Let 2 < n < oo and L" C F be a subfield finitely generated 
over k with tr.deg(F/L") = 1. For some u £ U (L") x — (L") x and some 
t G F transcendental over L" set L = L"(u,T), where T = (fit — u) 2 , 
and L' = L"(t). Then for U — Ul and U' = Ul> there exist embeddings 
E[G/U'} ^ E[G/U] and E[G/U] ^ E[G/U'}. 

Proof. One has Uf]U' = U L ,,^ u) , U = (U f] U') \J(U f] U')a, where at = 
u - t and a\ L „ {u) = id, and U' = (U f] U') (j(U f] U')t, where tu = -u 
and r|i»( t ) = id. This implies that U'a — U = (Uf) U')ra and (ra) 2 u = u, 
(ra) 2 t = t + 2u, so for any N > 1 and any n, . . . ,tjv G U'a — U one 
has ri---rjv ^ 1. Similarly, Ur - U' = {Uf]U')ar = (U'a - U)' 1 , so 
for any N > 1 and any t\ , . . . , rjv G Ut — U' one has n • • • tjv 1 • It 
follows from Lemma f7. 21 that there exist embeddings E[G/U'} i?[G/L/] 
and £■[(?/[/] i^G/L/ 7 ]. □ 

Proposition 7.4. Fkc an odd integer m > 1, and let m — I < n < oo. Fix 

a collection x\, . . . , x m of elements of F with the only relation x j = 

1 over k, where d G {to + 1, to + 2}. Set L" — k(xi, . . . , x m ) and L — 
(£"){ eie 2"' e m) ; where CiXj = £ Sij ■ Xj for a primitive d th root of unity 
Let L' be a maximal purely transcendental extension of k in L. Then for 
U = U L and U' = U L > the E -representations E[G/U] and E[G/U'} of G 
have the same irreducible subquotients. 



Motives and representations of automorphism groups of fields 



57 



Proof. As E[G/U'} embeds naturally into E[G/U], any subquotient of the 
module E[G/U'\ is a subquotient of E[G/U]. Let W be the quotient of 
E[G/Ul"\ by the sum of the images of E[G/U'] under all possible E[G]- 
homomorphisms to E[G/Ul"]- As in the proof of CH {Y[ L ]) — Z, 15 one 
checks that W^ eiC2 ' " e ™^ = 0, and thus, E[G/U] coincides with the sum of 
the images of E[G/U'] under all £[G]-homomorphisms to E[G/U]. □ 

Remark. Let L be an extension of k of finite type and of transcendence 
degree q in F. Then, at least assuming some conjectures, any motivic G- 
module of level < q is a subquotient of Q[G/Ul] with infinite multiplicity. 
To see this, fix a transcendence b of L over k. Then there is 

a surjection Q[G/Ul] — > ^F/k' gi ycn by [1] 1 — > x s+ irfa;i A • • • A dx s for 
any s < q. Any motivic G-modulc of level s is a submodule of ^2Jy fe with 
infinite multiplicity. 

A The centers of the Hecke algebras 

Lemma A.l. Let K be a compact open subgroup in G. Let v € He(K) 
be an element which is not a E -multiple ofhx- Then there exist elements 
Xi, . . . ,x n € F K algebraically independent over k such that vh\j ^ E ■ hu, 
where U — C/fe( Xli ... ;Xn ) 2 K. 

Proof. Let v = J2 a j cr jl l K, where the classes of aj in G/K are pairwise 
distinct. After subtracting a multiple of hx , if necessary, we may suppose 
that o-j £ K for any j. Then the sets {x E F K \ UiX — <Jjx} for i ^ j 
and {x e F K \ UjX = x} for any j are proper fc-subspaces in F K , and 
therefore, there exist elements xi, . . . ,x n G F K algebraically independent 
over k with x\ outside their union. These conditions on xi, . . . ,x n imply 
that crj| fe(xii ... iXn) ^ crj| fe(xi) ... iXn) and crjU^,,...^^) ^ id for any i ^ j. 

Set U = Uk( Xl ,...,x n )- Then the support of the element v * hu coincides 
with (J . (Tjf/, which is not a subset in U, so v * hjj is not a multiple of 
□ 

Lemma A. 2. Let U = Uk( Xl ,...,x n ) f or some x\, . . . ,x n algebraically inde- 
pendent over k, and let v be a central element either in the Hecke algebra 
He(U), or in the Hecke algebra Ti° E {U). Then v e E ■ hjj . 

Proof. For any r in the normalizer of U one has v(hurhu) = vh\jT = i/t^0 
if v 7^ 0, and (huThu)v — rhjjv = rv. We may suppose that the support 
of v docs not contain 1, i.e., Supp(^) = U CTe 5 Uall for a finite subset S in 
G-U. 

15 Let A be the image of Q[ei, ei, . . . , e m ] in EndaW. It is a semisimple algebra, 
so we want to show that e\e\ ■ ■ ■ ej£ ^ I modulo any maximal ideal in A. For 
this we note that (L")^ e n " e *i ^ is rational for any 1 < i\ < ■ ■ ■ < ii < m, so 
Sj=o ( e <i ' " e h) j ~ 0- Fhe assumptions on m and d imply that modulo any 
maximal ideal in A the element e\e\ ■ ■ ■ e™ is a non-trivial root of unity. 
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Let H = {r £ G \ t\mx-) £ Aut(k(xj)/k) for all 1 < j < n}, and for 
each 1 < j < n let the subfield Lj be generated over fc by Xx, ■ ■ ■ , Xj, . . . ,x n . 
As v is a central element in Tt(U), one has tvt^ 1 = v for all t £ H. In 
particular, Supptr^T -1 ) = Supp(^), so each t £ H induces a permutation 
of the set S of double t/-classes. The subgroup U C H acts trivially on S, 
so the action of H on S factors through the quotient H/U = (PGI^fc)". 
Any homomorphism from (PGI^fc) 71 to the permutation group of the set S 1 , 
is trivial, since any element of PGI^/c is (^S)l-th power of another element 
of PGL2/C, and therefore, Urar~ x U — UaU for any a £ S. In particular, 
TaT~ 1 Xj is in the finite set Uaxj for all r £ H; or, even more particularly, 
the set of fields k(raxj) for all r £ H is finite. 

Fix some j. Suppose that axj ^ k(xj) (this implies that n > 1). Then 
there is 1 < s < n different from j such that _F is algebraic over L s (axj). 
Set ifj = {r £ J7l 3 | r |fe(i s ) S Aut(k(x s )/k)}. Then for any r £ iij one 
has Tcrr -1 :^ = raxj, so the -ffj-orbit of axj should be finite, and thus, a 
subgroup of finite index in Hj should be compact, so the group Hj should 
be compact itself, which is false. 

As UraT~ x U = UaU is equivalent to Ut<j~ 1 t~ 1 U = Ua~ 1 U ', we get 
<r ±1 Xj £ k(xj). If a ±x xj ^ k(xj) then k(a ±1 Xj,Xj)/k(xj) has a non-empty 
branch locus. The PGI^fc-orbit of any point on Pj, is infinite, so the PGI^fc- 
orbit of the branch locus is also infinite, which means that the set of fields 
k(ra Xj) is infinite, unless k(a Xj) is a subfield in k{xj). Then k(xj) = 
ak(a~ 1 Xj) C ak(xj) = k(axj) C k(xj). As the center of PGL^fc is trivial, 
this shows that <j\ k ( Xj ^ — id. When varying j, we get a £ U, contradicting 
our assumptions. □ 

Lemma A. 3. Let K be a compact subgroup in G. If n < oo and v £ 

7i e (K) ~ E ■ hx then there exists a compact open subgroup U containing K 
such that v * hjj ^ E ■ hjj . 

Proof. There is some a in the support of v outside of K, i.e., if U' is an open 
compact subgroup in G not containing a then there is an open subgroup 
U C U 1 such that v{aU) ^ 0, and therefore, the support of vhjj contains u, 
so it is non-empty and it does not coincide with U . □ 

As a corollary of these statements we get 

Theorem A. 4. Let K be a compact subgroup in G. Then the centers of the 
Hecke algebras TIe(K) and TL° E {K) coincide with E ■ if n < oo. 

Proof. Clearly, for any pair of compact subgroups K £-U the multiplication 

by hjj: v i — > vhjj gives homomorphisms of the centers Z(TIe(K)) 

Z{He{U)) and Z(H° E {K)) M Z{H° E (U)). Then by Lemma EOl we may 
suppose that K is open. By Lemma IA.1I we may further suppose that 
K = Uk( Xl ,....x n )- Then, by Lemma [A. 21 the centers of He(K) and TL° E {K) 
coincide with E ■ h^. □ 
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B The case of positive characteristic 

In this appendix we show that all results of 33 and SjH] remain valid in the 
case of char(fc) = p > 0. 

The topology on G is the same as described in Introduction. The group 
G is also Hausdorff, locally compact if n < oo, and totally disconnected; 
the subgroups G{p,(F a ) aeI }/k are closed in G, the fibers of the morphism of 
unitary semigroups 

{subfields in F over k} — > {closed subgroups in G} 

given by K i — > Aut(F/K) consist of subfields of F with the same sets 
of perfect subfields containing them (with the same "perfectization"), its 
image is stable under passages to sub- /sup-groups with compact quotients, 
and it induces bijections 

J perfect subfields K C F 
y over k with F = K 

{perfect subfields K of F minimal over 1 f compact open 1 
subfields of finite type over k with F = K J [_ subgroups of G J ' 
The inverse correspondences are given by G D H i — ► F . 

Proof of Lemma \2.1\ We may suppose that L and all L a are perfect. 
Then, after replacing the reference to the Galois correspondence of |J2]with 
the reference to the Galois correspondence of this appendix, the proof in SJ21 
goes through. □ 

Proof of Lemma \2./3L First, replace L with its "perfectization". Let I G 
{2,3} — {p}. Then any element r in the common normalizer in G of all 
closed subgroups of index < I in U L satisfies r(L(/ 1 / £ )) = for all 

/ € L x . If r ^ Ul then there is an element x £ L x such that tx/x ^ 1. 
Then tx/x = y for some y E F x — fig. Set / = x + A for a variable 
A 6 k. By Kummer theory, t/// € £ x£ , and therefore, L contains io := 

fc(y (z ;+A)ir iAgfc)cfc(^). 

Now we come back to our original L and replace L with the subfield gen- 
erated by appropriate p-primary powers of y %~qj^vT73 ; where p = char(fc). 

As tr.deg(/c(x, y)/k) < 2, by our assumption on L, the subfield Lo of L 
should be finitely generated over k. But this is possible only if y l = I , i.e., 
if t e Ul- (To see this, one can choose a smooth model of the extension 
Lo(x)/k(x, y) over k and look at its branch locus.) □ 

Proof of Lemma \H.4\ Let a G p| [/ — {I } and fc' be the algebraic closure 
in F of any subfield in F^ with tr.deg(-F/fc') = I . As the extension F/F^ 
is abelian there is an element x G F — k' and an integer N > 2 such that 
ox ^ x and either ctx^ = x N , or cr(a; p — x) = x p — x. Then one has cr(fc') = fe' 
and cr(fc'(x)) = k'(x). 

The rest of the proof is the same as the last two paragraphs of the proof 
in 321 □ 



1 «-> {compact subgroups of G}; 
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Proof of Lemma \2.5\ in <J21 remains valid, after we replace L' with its 
perfect closure in LL', but we do not claim that the inclusion PGL^A; 
Ng°Ul' /Ul' is an isomorphism. □ 

Proof of Lemma \2.1\ We proceed by induction on m, the case m = be- 
ing trivial. We wish to find w m G F such that w and £w m are algebraically 
independent over kl generated over k by W\, . . . , io m -i, £u>i, • • • , £ui m _i. 
Suppose that there is no such w m . Then for any u G F — k' and any 
?j G F—k'(^u) one has the following vanishings in i?^,^ v ^ u ^ j k , : duAd^u = 

dv A d£u = 0, d(u + u) A d£(u + u) = 0, and d(u + v l ) A d£(u + v e ) = for 
any integer I > 2 prime to p := char(fc). Applying the first two to the third, 
we get £(v — £v l ~ 1 )dv A d£u = 0, which means that either = v 1 

for any u G F — k'(£u), or = G ^\'{v(,v)/k' f° r all t> G F — or 
d(B = £ ^ or all u G F — k' . In the first case £u = v for any 

u G F, he., £ =_1. _ 

If then there exists u G fc' such that £u E F — k'. Fix some 

v E F — ( k'(£u) U g" 1 ^') ). Even if £u G fc'(v), the element does not 

belong to k'(v) = k'{uv), i.e., £(uv) and mii are algebraically independent 
over kl . 

We may, thus, suppose that = fc'. Replacing £ with we reduce 
the case dfu — G fi},, c to the case du = G J?, 1 ,, , w ., for all 

u G F — k'. Let P(X, Y p ) be the minimal polynomial of £u over k'[u] with 
maximal possible integer s > 1. 

Replacing £ by Fr s £, where Fr is the Frobenius automorphism, we get 
that du 7^ G Q\, j M . As this implies £ = 1, we get contradiction, since 
no non-zero power of the Frobenius automorphism is identical on k. This 
shows that there exists desired w m G F. □ 

Proof of Proposition \2. l]\ We may suppose that L\ and L2 are perfect. 
Then the proof in J^goes through. □ 

Proofs of Lemmas |2~B1 ETHl l2~l"2l l2~T5l and ETTol Theoreml2~51 and Corol- 
laries E3J E3I3 E21 and EHI given in ^remain valid without any changes. 
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